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Abstract 

 Smart upper limbs prosthetics play a significant role in enhancing 

mobility and independence for disabilities people with disabilities. These 

mechanical devices are utilized to provide functional movements of the 

human arm in various applications such as rehabilitation, sports, and 

technological innovation, one of these devices is a robotic arm 

exoskeleton. Therefore, it becomes essential to assess the dynamic 

response of robotic arm prosthetics. This study focuses on studying the 

dynamic response of a five-degree-of-freedom (5-DOF) prosthetic 

robotic  arm. 

 The robotic  arm system was modeled by using Lagrange-Euler method, 

resulting in  five-second-order ordinary differential equations. To  

facilitate the optimization process required and obtain locally optimal 

system parameters. The nonlinear model was linearized around a specific 

operating point. A comparative analysis between the linear and nonlinear 

system responses was conducted  to ensure that the linearized model can 

adequately represent and compensate for the real nonlinear system 

dynamics. 

 The arm parameters, including masses, damping coefficients, and 

stiffness values, were determined using  a Lagrange multipliers 

optimization method with the objective of  achieving a short settling time 

and minimal overshoot. Furthermore, eight-term exponential functions 

were employed to generate the desired displacement profiles for the 

hand, forearm, horizontal elbow, vertical elbow, and elbow angular 

motions while satisfying  initial, intermediate, and final boundary 

conditions as well as elbow torque limitations. 
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The reference elbow torque was analytically computed based on the 

predefined displacement trajectories. To validate the proposed approach, 

numerical simulations were preformed using Monte Carlo simulation 

technique under a wide range of initial conditions and system parameter 

variations of 6%−
+  from the nominal values. The obtained results 

demonstrated rapid convergence of all arm segments, achieving  steady-state 

responses within 0.25 seconds with  zero overshoot in both system 

displacements and elbow torque. Moreover, the steady-state errors remained 

extremely small, with a maximum elbow angular error of (4×10−3) degrees, a 

minimum vertical elbow displacement error of (−1×10−5) m in the vertical, 

and an elbow torque error as low as (-0.4) N.m  across 1000 simulation trials. 



 

vi 

 

Table of Contents 

Dedication…………………………………………………………………...ii                                                                                                                                                                     

Acknowledgements…………………………………………………………iii                                                                                                                                                       

Abstract……………………………………………………………………..iv                                                                                  

List of Tables…………………………………………………………viii                                                     

List of Figures…………………………………………………………ix      

List of Symbols…………………………………………………………….xiii 

Chapter One: Introduction…………………………………………………...1                                                                           

   1.2 Exoskeletons…………………………………………………………...1             

   1.3 Parts of a human arm…………………………………………………..5   

      1.3.1 Hand……………………………………………………………….5  

         1.3.2 Wrist……………………………………………………………..5 

            1.3.3 Forearm………………………………………………………..6 

               1.3.4 Elbow………………………………………………………..6 

                  1.3.5 Upperarm…………………………………………………..7 

                     1.3.6 Shoulder…………………………………………………7 

   1.4 The Objectives of This Work………………………………………….8 

   1.5 Summary………………………………………………………………9 

Chapter Two: Literature Review………………………………………… 10 

   2.1 Introduction…………………………………………………………..10 

   2.2 Mathematical Model………………………………………………….10 

   2.3 Control system……………………………………………………….16 

   2.4 Exoskeleton………………………………………………………….20  

   2.5. Summary………………………………………………………...…..23                                 

Chapter Three: Theoretical Analysis (Linear and Nonlinear Models)……...24 



 

vii 

 

   3.1 Introduction…………………………………………………………. 24 

   3.2 Robotic Arm System Model ……………………………..……… …25                       

      3.2.1 Kinetic energy……………………………………………………26 

         3.2.2 Potential energy………………………………………………..27 

            3.2.3 Dissipated energy…………………………………………….28 

   3.3 Linearization………………………………………………………….35 

   3.4 Optimization………………………………………………………….40 

   3.5 Summary……………………………………………………………..43 

Chapter Four: Control System……………………………………………...44  

   4.1 Introduction…………………………………………………………..44 

   4.2 Analytical Methodology……………………………………………...44 

   4.3 Monte Carlo Simulation……………………………………………...52 

   4.4 Summary……………………………………………………………..53          

Chapter Five: Results and Discussions…………………………………….55 

   5.1 Introduction…………………………………………………………..55 

   5.2 Linear &nonlinear responses…………………………………………55 

   5.3 Optimization………………………………………………………….59 

   5.4 Analytical Methodology……………………………………………...69 

   5.5 Monte Carlo Simulation……………………………………………...75 

   5.6 Summary……………………………………………………………..82 

Chapter Six: Conclusions and Recommendations…………………………84 

   6.1 Conclusions…………………………………………………………..84 

   6.2  Recommendation for future work…………………………………...85                                                              

References………………………………………………………………….87



 

viii 

 

 

List of Tables 

Table 3.1: The desired overshooting and settling time values……………..41 

Table 5.1: The desired overshooting and settling time values……………..56 

Table 5.2: Optimal value of parameter……………………………………..63 

Table 5.3: System response characteristics………………………………...68 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



 

ix 

 

List of Figures 

Figure 1.1: Exoskeleton   actuated by electric motors………………………3 

Figure 1.2: Exoskeleton actuated by pneumatic muscles……………………4 

Figure 1.3: Exoskeleton actuated by hydraulic power………………………5 

Figure 1.4: Wrist joint……………………………………………………….6 

Figure 1.5: Elbow joint………………………………………………………6 

Figure 1.6: Shoulder joint……………………………………………………7 

Figure 1.7:Segments of upper-limb………………………………………….8 

 

Figure 3.1: Flowchart of the research methodology………………………..24 

Figure 3.2: Modeling of an Artificial human arm………………………….25  

Figure 3.3: Flow chart of the optimization…………………………………42 

Figure 4.1: Simulink model of the human arm…………………………….53 

 

Figure 5.1: Human hand displacement vs. time……………………………57 

Figure 5.2: Human forearm displacement vs, time………………………...57 

Figure 5.3: Human elbow displacement vs. time…………………………..58 

Figure 5.4: Vertical elbow displacement vs. time………………………….58 

Figure 5.5: Elbow angular displacement vs. time………………………….59 

Figure 5.6: 3D objective function surface using to optimize the human arm 

stiffness; (a) stiffness (k1); (b) stiffness (k2); (c) stiffness (k3); (d) stiffness (k4); 

(e) stiffness (k5); (f) stiffness (kt)……………………………………………61  

Figure 5.7: 3D objective function surface using to optimize the human arm 

dampers; (a) damper (c1); (b) damper (c2);  (c) damper (c3); (d) damper (c4); 

(e) damper (c5); (f) damper (ct)……………………………………………..62 

 



 

x 

 

Figure 5.8: Fig 5.8: 3D objective function surface using to optimize the human 

arm masses;(a) hand mass (m1); (b) forearm mass (m2); (c) elbow mass 

(m3)………………………………………………………………………....63 

Figure 5.9: Hand displacement vs. time for three input values…………….66 

Figure 5.10: Forearm displacement vs. time for three input 

values…………………………………………………………………….....66 

Figure 5.11: Horizontal elbow displacement vs. time for three input  

values……………………………………………………………………….67 

Figure 5.12: Vertical elbow displacement vs. time for three input values…67 

Figure 5.13: Elbow angular displacement vs. time for three input values…68 

Figure 5.14: Reference hand displacement vs. time under nominal conditions 

for three excited displacements…………………………………………… 69 

Figure 5.15: Reference forearm displacement vs. time under nominal 

conditions for three excited displacements………………………………...70 

Figure 5.16: Reference horizontal elbow displacement vs. time under nominal 

conditions for three excited displacements……………………… …………70 

Figure 5.17: Reference vertical elbow displacement vs. time under nominal 

conditions for three excited displacements………………………………...71 

Figure 5.18:Reference  elbow angular displacement vs. time under nominal 

conditions for three excited displacements………………………………...71 

Figure 5.19: Elbow torque vs. time under nominal conditions for three excited 

displacements………………………………………………………………72 

Figure 5.20: Reference and simulated hand displacement versus time under 

nominal conditions for three excited displacements……………………….73 

Figure 5.21: Reference and simulated forearm displacement versus time under 

nominal conditions for three excited displacements………………...............73 



 

xi 

 

Figure 5.22: Reference and simulated horizontal elbow displacement versus 

time under nominal conditions for three excited displacements…………...74 

Figure 5.23: Reference and simulated vertical elbow displacement versus time 

under nominal conditions for three excited displacements………….............74 

Figure 5.24: Reference and simulated elbow angular displacement versus time 

under nominal conditions for three excited displacements………….............75 

Figure 5.25: 1000 Human arm exoskeleton’s histories versus time using 

analytical controller for hand displacement error versus time……………..76 

Figure 5.26: 1000 Human arm exoskeleton’s histories versus time using 

analytical controller for forearm displacement error versus time………….76 

Figure 5.27:1000 Human arm exoskeleton’s histories versus time using 

analytical controller for horizontal elbow displacement error versus          

time………………………………………………………………………... 77                                             

Figure 5.28: 1000 Human arm exoskeleton’s histories versus time using 

analytical controller for vertical elbow displacement error versus time…...77 

Figure 5.29: 1000 Human arm exoskeleton’s histories versus time using 

analytical controller for elbow angular displacement error versus time…...78 

Figure 5.30: 1000 Human arm exoskeleton’s histories versus time using 

analytical controller for elbow torque error versus time…………………...78 

Figure 5.31: Statistics errors for the final hand displacement vs number of 

patients……………………………………………………………………..79 

Figure (5.32): Statistics errors for the final forearm displacement vs number 

of patients…………………………………………………………………..80 

Figure (5.33): Statistics errors for the final horizontal elbow displacement vs 

number of patients………………………………………………………….80 



 

xii 

 

Figure (5.34): Statistics errors for the final vertical elbow displacement vs 

number of patients………………………………………………………….81 

Figure (5.35): Statistics errors for the final elbow angular displacement vs 

number of patients………………………………………………………….81 

Figure (5.36): Statistics errors for the final elbow torque displacement vs 

number of patients………………………………………………………….82 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



 

xiii 

 

List of Symbols 

Units Description Symbol 

 Hand coefficients 𝐴𝑛 

 Forearm coefficients 𝐵𝑛 

𝑁. 𝑠

𝑚
 

Damper coefficient between ground and 

mass m1 

𝑐1 

𝑁. 𝑠

𝑚
 Damper coefficient between m1 and m2 

𝑐2 

𝑁. 𝑠

𝑚
 Damper coefficient between m2 and m3 

𝑐3 

𝑁. 𝑠

𝑚
 

Horizontal damper between trunk and 

point z4 

𝑐4 

𝑁. 𝑠

𝑚
 

Vertical damper coefficient between trunk 

and point y2 

𝑐5 

𝑁.𝑚. 𝑠

𝑟𝑎𝑑
 Torsional damper coefficient of the elbow 

𝑐𝑡 

 Horizontal elbow coefficients 𝐶𝑛 

J First dissipated energy 𝐷𝐸1
 

J Second dissipated energy 𝐷𝐸2
 

J Third dissipated energy 𝐷𝐸3
 

J Forth dissipated energy 𝐷𝐸4
 

J Fifth dissipated energy 𝐷𝐸5
 

J Sixth dissipated energy 𝐷𝐸6
 

J Total dissipated energy DE 

 Vertical elbow coefficients 𝐷𝑛 

 Elbow angular coefficients 𝐸𝑛 



 

xiv 

 

𝑚

𝑠2
 Acceleration of gravity 𝑔 

0.0149kg.m2 Rotational inertia of the elbow joint system 𝐽 

𝑁

𝑚
 Spring stiffness between ground and mass m1 

𝑘1 

𝑁

𝑚
 Spring stiffness between m1 and m2 

𝑘2 

𝑁

𝑚
 Spring stiffness between m2 and m3 

𝑘3 

𝑁

𝑚
 

Horizontal spring stiffness between trunk and 

point z4 

𝑘4 

𝑁

𝑚
 

Vertical spring stiffness between trunk and 

point y2 

𝑘5 

𝑁.𝑚

𝑟𝑎𝑑
 Torsional spring stiffness of the elbow 

𝑘𝑡 

 

J 

 

Kinetic energy of the hand 

 

𝐾𝐸1
 

J Kinetic energy of the forearm 𝐾𝐸2
 

J Kinetic energy of the elbow 𝐾𝐸3
 

J Total kinetic energy KE 

0.29  m Upper arm length 
 

𝐿 

0.44 L  m Distance from the elbow to the upper arm 𝐿𝑔 

𝑘𝑔 Effective mass of the hand 𝑚1 

𝑘𝑔 Effective mass of the forearm segment 𝑚2 

𝑘𝑔 Mass of the upper arm 𝑚3 

 Initial over shoot 𝑂𝑆𝑖 



 

xv 

 

 Initial desired over shoot 𝑂𝑆𝑖,𝑑𝑒𝑠𝑖𝑟𝑒𝑑 

J First potential energy 𝑃𝐸1
 

J Second potential energy 𝑃𝐸2
 

J Third potential energy 𝑃𝐸3
 

J Forth potential energy 𝑃𝐸4
 

J Fifth potential energy 𝑃𝐸5
 

J Sixth potential energy 𝑃𝐸6
 

J Potential energy from the gravitational force 𝑃𝐸7
 

J Total potential energy PE 

𝑚 Distance to the center of gravity of the upper arm 𝑟𝑔 

𝑁.𝑚 Reference torque 𝑇𝑟𝑒𝑓 

𝑠 Time t 

𝑠 Initial settling time 𝑡𝑠,𝑖 

𝑠 Initial desired settling time 𝑡𝑠,𝑖,𝑑𝑒𝑠𝑖𝑟𝑒𝑑 

𝑚

𝑠
 Relative velocity of the upper arm center 𝑣𝑔 

𝑚 Displacement of the vertical  motions of the elbow 𝑦1 

𝑚 Displacement of the vertical  motions of the 

shoulder 

𝑦2 

𝑚 Reference displacement of the vertical  motions of 

the elbow 

𝑦1𝑟𝑒𝑓
 

𝑚 Initial vertical elbow displacement y10 

𝑚 Final vertical elbow displacement y1f 

𝑚

𝑠
 Velocity of the vertical  motions of the elbow 𝑦1̇ 



 

xvi 

 

𝑚

𝑠
 Velocity of the vertical  motions of the shoulder 𝑦2̇ 

𝑚

𝑠
 Reference velocity of the vertical  motions of the 

elbow 

𝑦̇1𝑟𝑒𝑓
 

𝑚

𝑠
 Initial vertical elbow velocity 𝑦̇10 

𝑚

𝑠
 Final vertical elbow velocity 𝑦̇1𝑓 

𝑚

𝑠2
 Acceleration of the vertical  motions of the elbow 𝑦1̈ 

𝑚

𝑠2 Reference acceleration of the vertical  motions of 

the elbow 

𝑦̈1𝑟𝑒𝑓 

𝑚 Displacement of the horizontal  motions of 

the hand 

𝑧1 

𝑚 Displacement of the horizontal motions of 

the forearm 

𝑧2 

𝑚 Displacement of the horizontal  motions of 

the elbow 

𝑧3 

𝑚 Displacement of the horizontal  motions of 

the shoulder 

𝑧4 

𝑚 Reference displacement of the horizontal  

motions of the hand 

𝑧1𝑟𝑒𝑓
 

𝑚 Reference displacement of the horizontal  

motions of the forearm 

𝑧2𝑟𝑒𝑓
 

𝑚 Reference displacement of the horizontal  

motions of the elbow 

𝑧3𝑟𝑒𝑓
 

𝑚 External displacement acting on the hand 𝑧0 

𝑚 Initial hand displacement z10 



 

xvii 

 

 

𝑚 

 

Final hand displacement 

 

z1f 

𝑚 Initial forearm displacement z20 

𝑚 Final forearm displacement z2f 

𝑚 Initial horizontal elbow displacement z30 

𝑚 Final horizontal elbow displacement z3f 

𝑚

𝑠
 Velocity of the horizontal motions of the 

hand 

𝑧1̇ 

𝑚

𝑠
 Velocity of the horizontal  motions of the 

forearm 

𝑧2̇ 

𝑚

𝑠
 Velocity of the horizontal  motions of the 

elbow 

𝑧3̇ 

𝑚

𝑠
 Velocity of the horizontal  motions of the 

shoulder 

𝑧4̇ 

𝑚

𝑠
 Reference velocity of the horizontal  motions 

of the hand 

𝑧̇1𝑟𝑒𝑓
 

𝑚

𝑠
 Reference velocity of the horizontal  motions 

of the forearm 

𝑧̇2𝑟𝑒𝑓
 

𝑚

𝑠
 Reference velocity of the horizontal  motions 

of the elbow 

𝑧̇3𝑟𝑒𝑓
 

𝑚

𝑠
 External velocity acting on the hand 𝑧0̇ 

𝑚

𝑠
 Initial hand velocity 𝑧̇10 

𝑚

𝑠
 Final hand velocity 𝑧̇1𝑓 

𝑚

𝑠
 Initial forearm velocity 𝑧̇20 



 

xviii 

 

𝑚

𝑠
 Final forearm velocity 𝑧̇2𝑓 

𝑚

𝑠
 Initial horizontal elbow velocity 𝑧̇30 

𝑚

𝑠
 Final horizontal elbow velocity 𝑧̇3𝑓 

𝑚

𝑠2 Acceleration of the horizontal  motions of 

the hand 

𝑧1̈ 

𝑚

𝑠2
 Acceleration of the horizontal  motions of 

the forearm 

𝑧2̈ 

𝑚

𝑠2 Acceleration of the horizontal  motions of 

the elbow 

𝑧3̈ 

𝑚

𝑠2 Reference acceleration of the horizontal  

motions of the hand 

𝑧̈1𝑟𝑒𝑓 

𝑚

𝑠2 Reference acceleration of the horizontal    

motions of the forearm 

𝑧̈2𝑟𝑒𝑓 

𝑚

𝑠2 Reference acceleration of the horizontal    

motions of the elbow 

𝑧̈3𝑟𝑒𝑓 

𝑟𝑎𝑑 Displacement of the elbow angular 𝜃 

10 deg Nominal position of the upper arm 𝜃 

𝑟𝑎𝑑 Reference displacement of the  elbow 

angular 

𝜃𝑟𝑒𝑓 

𝑟𝑎𝑑 Initial elbow angular displacement 𝛳 0 

𝑟𝑎𝑑 Final elbow angular displacement 𝛳 f 

𝑟𝑎𝑑

𝑠
 

Angular velocity of the elbow angular 𝜃̇ 



 

xix 

 

𝑟𝑎𝑑

𝑠
 

Reference velocity of the rotational  elbow 

angular 

𝜃̇𝑟𝑒𝑓 

𝑟𝑎𝑑

𝑠
 

Initial elbow angular velocity 𝛳̇0 

𝑟𝑎𝑑

𝑠
 

Final elbow angular velocity 𝛳̇𝑓 

𝑟𝑎𝑑

𝑠2
 

Acceleration of the elbow angular 𝜃̈ 

𝑟𝑎𝑑

𝑠2
 

Reference acceleration of the  elbow angular 𝜃̈𝑟𝑒𝑓 

 

 

 

 

 

 



Chapter One                                                                                   Introduction 

                        

 

1 

 

Chapter One: Introduction 

1.1 Introduction 

        The development of artificial human arms has the potential to 

significantly improve the mobility and independence of individuals who have 

lost their arms, enabling them to perform daily activities with greater ease.  In 

recent years, the world has witnessed remarkable developments in the field of 

mechanical systems and robotics. Robots have become an essential part of 

many industrial and medical applications. Among these applications, 

exoskeletons and mechanical arms have emerged, capturing the attention of 

researchers and engineers. These systems are characterized by their ability to 

simulate the movement of human limbs in a very realistic manner and are 

considered among the most important innovations in medical applications for 

the motor rehabilitation of patients with injuries to the nervous system[1].  

 

1.2 Exoskeletons 

          Exoskeletons are not merely mechanical structures; rather, they 

represent integrated systems that combine mechanical components, electronic 

hardware, and control software working synergistically to enable natural and 

balanced human movement. Consequently, extensive research has been 

conducted on the design of upper-limb exoskeletons and their significance in 

various applications. 

(Smith et al., 2021)[2] reviewed recent advancements in upper-limb 

exoskeletal robots and their rehabilitation applications, with particular 

emphasis on design requirements and the classification of mechanical models 

employed in upper-limb exoskeletons. In addition, the authors discussed the 
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key  challenges associated with the design processes and  highlighted the 

differences among existing approaches.  

As illustrated below, upper-limb exoskeleton robot can be classified as 

follows: 

 

Mechanical Designs of Active Upper Limb Exoskeleton Robots 

 

Actuators are a fundamental component of exoskeleton systems, as they are 

responsible for generating the forces and torques required to assist or enhance 

human motion. The overall performance of an exoskeleton strongly depends 

on the type of actuator used, particularly in terms of dynamic response, 

efficiency, weight, safety, and controllability. Due to the wide range of 

exoskeleton applications, including medical rehabilitation, industrial 

assistance, and human performance augmentation, several types of actuators 

have been developed and employed [3] 

The upper-limb exoskeleton robot actuators are classified as follow: 

1.2.1 Exoskeleton   actuated by electric motors 

This type of exoskeleton uses precise electric motors to generate the torque 

required to move the joints according to the required movements, with control 

of speed and accuracy as shown as Figure (1.1). It is useful in rehabilitation 

after injuries or after exposure to a stroke. It helps patients perform repetitive 

movements to strengthen muscles, making it an effective tool for movement 

training and daily assistance for people with muscle weakness. 
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Figure (1.1): Exoskeleton   actuated by electric motors [2] 

1.2.2. Exoskeleton actuated by pneumatic actuator 

This type relies on the use of pneumatic actuators that mimic the work of 

natural muscles in generating force and movement. When air is pumped or 

emptied into these artificial muscles, they expand or contract, leading to 

smooth movement of the arm joints as shown in Figure 1.2. These systems are 

characterized by their light weight and flexibility compared to electric motors 

and are used in motor rehabilitation. In addition to the possibility of 

programming its movement to repeat specific exercises to enhance muscle 

strength and improve motor coordination. 
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Figure (1.2): Exoskeleton actuated by pneumatic muscles [2] 

1.2.3. Exoskeleton actuated by hydraulic power 

A hydraulically powered exoskeleton uses pressurized fluid to generate the 

force needed to move the arm joints. When this fluid is pumped under pressure 

into hydraulic cylinders, it generates linear or rotational motion, which powers 

the arm, as shown in Figure 1.3. These systems are characterized by their 

ability to generate great torque when compared to electric motors or 

pneumatic muscles, making them suitable for moving heavy loads or patients 

who need significant assistance in rehabilitation. The speed and force of 

movement can be controlled by hydraulic valves and pumps, providing 

smooth and guaranteed performance.[4] 
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Figure (1.3): Exoskeleton actuated by hydraulic power [2] 

1.3 Parts of a human arm 

1.3.1 Hand 

It is one of the most complex and functional parts of the arm, as it consists of 

the palm of the hand and the fingers and contains fine muscles and tendons 

that allow movements such as writing, holding objects, and other tasks.[5] 

1.3.2 Wrist 

It is the part of the arm that connects the hand to the forearm and consists of 

eight small bones arranged in a complex manner that enables flexion and 

extension movements, giving the hand its high flexibility, as shown in Figure 

1.4. 
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Figure (1.4): Wrist joint[2] 

1.3.3 Forearm 

The forearm extends from the elbow to the wrist and consists of the ulna and 

radius bones. It contains a large group of muscles responsible for the 

movements of the wrist and fingers, as well as the possibility of rotation. 

1.3.4 Elbow 

It is a complex joint that connects the humerus and the forearm, assists in 

flexion, extension, and rotational movements, and acts as a mechanical link 

that coordinates between the shoulder and wrist to achieve high flexibility of 

movement as shown in Figure 1.5. 

 

Figure (1.5): Elbow joint[2] 
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1.3.5 Upper Arm 

It extends from the shoulder to the elbow. It contains the humerus bone and is 

surrounded by major muscles such as the biceps, which are responsible for 

flexing the elbow, and the triceps, which are responsible for extending the 

elbow. 

1.3.6 Shoulder 

It is the point of connection of the arm to the trunk. It is a ball-and-socket joint 

that allows movements in all directions, such as lifting, rotating, and twisting. 

It plays an important role in determining the general range of motion of the 

arm, as shown in Figure 1.6. 

 

Figure (1.6): Shoulder joint[2] 
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Figure (1-7) shows the main parts of the human arm 

 

Figure (1.7): Segments of upper limb [2] 

 

1.4 The Objectives of this Work 

          The primary aim of this thesis is to develop and validate an optimized 

and analytically controlled dynamic model of a five-degree-of-freedom (5-

DOF) human arm–exoskeleton system that achieves fast, stable, and accurate 

motion with minimal overshoot under a wide range of operating conditions. 

The system is modeled using the Lagrange-Euler method to develop a set of 

second-order equations, which are then linearized to optimize the system 

parameters using Lagrangian multipliers optimization method. 

To achieve this aim, the following objectives are addressed: 

1.To model the nonlinear dynamics of a 5-DOF human arm using the 

Lagrange–Euler method and obtain a linearized model for control and 

optimization. 

2.  To optimize the system parameters (masses, damping, and stiffness) using 

the Lagrangian multipliers method to achieve short settling time and 
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minimum  overshoot. 

3. To design an analytical exoskeleton controller based on eight-term 

exponential reference functions while satisfying torque constraints. 

4. To evaluate the system performance under a wide range of initial conditions 

and parameter variations. 

5. To validate the proposed approach using numerical simulations and Monte 

Carlo analysis. 

The main contributions of this thesis is development of an analytical eight-

term exponential reference trajectory that satisfies initial, intermediate, and 

final boundary conditions with explicitly enforcing elbow torque constraints.  

1.5 Summary 

        This chapter serves as a general introduction to the research, presenting 

the scientific background of the topic of mechanical arms and exoskeletons, 

clarifying the importance and objectives of the research, and providing an 

overview of the research structure. In the next chapter, previous studies related 

to the topic of artificial arms will be reviewed to identify this research within 

the current scientific efforts.
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Chapter Two: Literature Review 

2.1  Introduction 

 In this chapter, a brief overview of innovative approaches and 

methodologies developed to enhance the control of human arm movements, 

particularly focusing on trajectory control, optimization of control strategies, 

and the use of artificial muscles in robotic systems. In recent years, researchers 

have increasingly turned to advanced computational techniques to tackle the 

challenges associated with controlling the nonlinear dynamics of human arm 

movements. The structure of the human upper limb is presented. Then, the 

types of human arm and control approaches are presented. Control approaches 

are highlighted, and recent advances in human arm movements are described. 

In recent years, researchers have increasingly turned to advanced 

computational techniques to tackle the challenges associated with controlling 

the nonlinear dynamics of human arm movements . 

2.2  Mathematical Model 

The mathematical model describes the dynamic response behavior of 

a system and is usually represented by a set of linear and nonlinear ordinary 

differential equations. For the actuator valve example, the mathematical 

model consists of a differential equation describing the armature valve mass 

combined with linear viscous friction. 

 The research presented in this thesis addresses this modeling approach. 

(Artemiadis et al., 2010)[6] estimated the mechanical impedance of the 

human upper limb in three-dimensional space using a 7-DOF robotic arm. 

Small Cartesian displacements were applied to the hand, and the end-point 

dynamics were modeled as a linear second-order system to identify stiffness, 

viscosity, and inertia. The results confirmed that mechanical impedance 
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effectively describes human arm dynamics and is useful for human–robot 

interaction and exoskeleton design. 

(Ao, 2009)[7] focused on the movements of the human upper arm)shoulder, 

wrist, elbow and finger(.These analyzes have been extended to design a 

humanoid robot manipulator . They designed a simulator direct kinematic and 

inverse kinematic of the upper arm. MATLAB software was used using 

Virtual Reality Modeling Language (VRML). The Denavit- 

Hartenberg (D-H) method was used to solve the equations, the Lagrange 

method to determine the equations of motion, and the Newton-Euler method 

to formulate the model. The results provide a basis for designing robotic 

manipulators that can follow prescribed human-like motion trajectories. 

(Mailah et al., 2009)[8] studied a two-link planar mechanical manipulator 

that mimics a human arm. They focuses on a simple and computationally 

efficient control algorithm. The arm is subjected to vibrations while 

performing 2D trajectory tracking, considering mathematical models of 

“muscle” elements. A closed-loop active force control system is used to 

handle disturbances under predefined conditions. Results show that the 

method effectively compensates for vibrations, achieving robust and accurate 

tracking, which can help in designing precise mechatronic devices like robotic 

arms or smart gloves. 

(Hao et al., 2011)[9] presented the design and development of a 6-DOF PC-

based robotic arm (PC-ROBOARM). The arm is modeled as a three-link 

system with servomotors at each joint and is controlled using custom software 

called SMART ARM. The software provides a user-friendly GUI for virtual 

design, trajectory simulation, and control of the actual robotic arm, helping to 

optimize design, reduce building costs, and simplify control implementation. 
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The arm, based on the PUMA jointed-arm model, is tested for both point-to-

point and continuous path motions, demonstrating accurate simulation and 

real-world performance. 

(Jolly Shah, S.S.Rattan & Abstract—Automatic, 2011)[10] used artificial 

neural networks to analyze the robot's kinematics with two degrees of 

freedom. Forward and inverse kinematics were solved using artificial neural 

networks, as using them the solution is faster, acceptable, and has no error. It 

is also considered an effective way to deal with nonlinear systems and to 

model complex systems. The Denavit-Hartenberg (D-H) method was used to 

model the robot's joints.  

(Al-zu et al., 2012)[11] develops a 2D three-segment coupled pendulum 

system to model the human arm using the Lagrangian energy-based approach. 

The equations of motion are solved iteratively as both an initial value problem 

and a two-point boundary value problem. Results show the system is sensitive 

to small changes in forces and initial/boundary conditions, and a new 

approach is proposed to reduce this sensitivity. 

(Fadhil Abbas, 2013)[12] presented a mathematical model for direct forward 

kinematic analysis of a 5-degree-of-freedom articulated robot arm. The 

modelling method adopted the coordinates of each joint of the robot as it 

moved from one location to another. The Lab-volt R5150 educational robot 

was used to test the proposed models. The D-H method was used to calculate 

the site coordinates, and the MATLAB program was used for simulation and 

evaluation .The results of several experiments demonstrated the accuracy of 

the proposed model for representation and simulation, as it was found that the 

maximum error does not exceed (0.001). 
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(Serbest et al., 2016)[13] presented a 16-DOF kinematic model of the human 

hand developed in MATLAB using SimMechanics and Simulink. Joint 

torques of the index finger and wrist are calculated via inverse dynamics from 

video recordings of a healthy subject. The model allows analysis of various 

finger and wrist movements and provides an easy way to estimate joint torques 

without complex equations or external devices. 

(Sheng et al., 2016)[14] proposed a model of a universal robot (6 degrees of 

freedom) used in the rehabilitation system. The Denavit-Hartenberg (D-H) 

method was used for dynamic analysis. The Newton-Euler equation was used, 

which is inspired by the Lagrange equation and is suitable for a multi-degree 

of freedom system. Each joint was actuated by a single motor separately to 

achieve relative motion of adjacent links . The simulation results showed that 

the proposed mathematical model can provide an effective environment for 

designing a rehabilitation robot and planning clinical trials . The actual 

mathematical model was implemented based on MATLAB SimMechanics. 

(Barakat et al., 2017)[15] studied the kinematics of a robotic arm, designing 

its parameters and analyzing forward and inverse kinematics using the 

Denavit–Hartenberg (DH) method. A MATLAB 3D simulation is created to 

visualize joint movements and trajectory planning, successfully enabling the 

arm to draw a sine wave on a writing board.  

(Agarana & Akinlabi, 2018a)[16] studied models the human arm as a three-

segment dynamical pendulum system using the Euler-Lagrange method. The 

resulting differential equations are solved analytically, and simulations in 

Maple show that angular displacements are proportional to angular 

accelerations. Longer arm segments lead to slower swings and fewer 

oscillations per second. 
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(Agarana & Akinlabi, 2018b)[17] modeled the human arm as a dynamic 

triangular pendulum system. The arm motion equation was obtained using the 

Lagrange-Euler equation . The second-order differential equation is solved 

analytically. The results were simulated using the Maple program in 

MATLAB . 

(Li et al., 2020)[18] created a serial-parallel hybrid arm (6 DOF(.The electric 

cylinder was used to convert the rotating mechanical force generated by the 

electric motor into linear motion  .  The influence of the external force, the force 

of gravity and the force of inertia is taken into account, and the forces of 

friction are neglected. The dynamic model was created by the D-H method. 

The inertia force was calculated by the Lagrange method. It was concluded 

that the energy decreases to 23.77% after optimization . 

(Khan et al., 2020)[19] proposed a dual particle swarm optimization (DPSO) 

approach for solving the inverse kinematics of a 6-DOF SCARA robot. By 

separating position and orientation optimization, DPSO achieves faster 

convergence with fewer iterations. Implemented in MATLAB/Simulink and 

tested with dual joysticks, the method effectively controls the robot in real-

time within joint constraints. 

(Mohanto et al., 2020)[20] presents the mathematical modeling of a three-

degree-of-freedom (3-DOF) robotic arm using forward and inverse 

kinematics to determine the position and orientation of the end effector. Based 

on the developed model, a physical prototype was implemented using an 

Arduino Mega, along with a MATLAB GUI for simulation and visualization. 

The system is capable of RGB-based color sorting, allowing objects of 

different colors to be placed in specified locations. Experimental results 
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confirm the effectiveness of the proposed approach, which offers high 

efficiency at low cost.  

(Dawood Salman et al., 2021)[21] presented a kinematic model of a three-

degree-of-freedom articulated robot arm.  The forward kinematics was 

calculated using the D.-H method. An algebraic solution based on 

trigonometric formulas combined with the geometric method was adopted to 

calculate the inverse kinematics. MATLAB GUI was used to simulate the 

results. The robot is designed based on SolidWorks. Microstepping drivers 

are used to realise more precise control and smooth movement. The results 

showed that the theoretical analysis supports the actual implementation with 

some minor differences. 

(Moses et al., 2022)[22] focused on a robotic arm controlled using 

accelerometers to capture natural human arm movements and replicate them 

in the robotic system. Such a control approach offers greater flexibility 

compared to conventional methods that control each actuator independently. 

A processing unit interprets accelerometer inputs to generate appropriate 

control signals for each actuator. Robotic arms resemble human arms in 

structure, with joints and customizable end effectors that enable them to 

perform a wide variety of tasks depending on their intended application. 

(Rohit Kumar et al, 2021)[23] analyzed the effect of vibrations on a standing 

human body to reduce discomfort and potential injuries. A 3D CAD model of 

a 76-kg human subject was created and analyzed using FEM harmonic 

response in the frequency range of 2–20 Hz. The results showed resonance at 

6 Hz in the vertical direction and significant vibration in the fore-and-aft 

direction at 4 Hz. These findings help in designing more comfortable supports 
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and reducing vibration-related discomfort, and they agree well with existing 

studies. 

(Dong et al., 2021)[24] conducted studies on hand-transmitted vibration 

exposure, biodynamic responses, and biological effects over the past 20 years, 

systematically reviewing the literature and identifying areas requiring further 

research. These studies collectively demonstrate the ongoing efforts in 

modeling and optimizing both robotic and prosthetic arms, employing a 

variety of advanced mathematical methods, computational tools, and design 

techniques to enhance their performance and functionality. The continued 

evolution of these models played a critical role in improving the capabilities 

of prosthetic devices, making them more effective and versatile for users. 

2.3 Control system 

Control systems are one of the most important fields of modern 

engineering, as they regulate the behavior of mechanical systems and make 

them operate according to the required objectives. The control principle works 

by comparing actual outputs with reference values and adjusting inputs to 

achieve optimal system performance. Through control science, system 

stability is improved, errors are reduced, response speed is increased, and 

vibrations are reduced. Therefore, control systems are not limited to the 

theoretical aspect, but rather extend to practical applications that increase the 

efficiency of engineering systems. The work presented in this thesis 

investigates the above. 

(Liu et al., 2008) [25] described the study as a musculoskeletal model with 

two degrees of freedom. The study aims to control the movement of the human 

arm on the sagittal plane, i.e. the vertical plane, where a controller was 

implemented by integrating DRNN (a neural network that is more suitable for 
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dynamic representations) with the genetic algorithm (GA) and the 

evolutionary program. (EP) The results were compared and it was noted that 

DRNN is the best way to control the movement of the human arm in the 

sagittal plane.  

(Mohammed Z. Al-Faiz et al, 2012)[26] used soft computing methodologies 

to control the human arm with seven degrees of freedom    . presented a PID 

tuning method by Particle Swarm Optimization (PSO) to improve the time 

response of the system such as settling and overshoot time. MATLAB is used 

with virtual reality tools as it is easy to manipulate 3D objects defined using 

VRML. The human arm was implemented by virtual reality technology and 

the joints were realized by MATLAB . 

(Rashidifar et al., 2013)[27] designed a control technology aimed at using 

the high-precision performance of robotic manipulators in complex and 

dangerous environments . Both forward and inverse kinematics were derived 

based on the D-H method . The PID controller was used as a reference to 

compare the results with the (FLC) fuzzy logic controller and (FSC) fuzzy 

supervisory control. FSC is a hybrid between a PID controller and an FLC 

designed to overcome the problem of PID tuning in nonlinear systems by 

using the FLC as an adaptive controller. All simulations were presented using 

Matlab Simulink. Simulation results prove that FLC gives better results than 

the classical PID controller in terms of time response and reducing error and 

overshoot, and that FSC is better than classical methods such as (ZN) Ziegler-

Nichols. 

(Mourya et al., 2015)[28] designed and manufactured a robotic manipulator 

with 4 degrees of freedom. His project is self-run. DC motors were used 

instead of hydraulic and pneumatic motors because of the lower power 
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required and their light weight. The controller used is AT Mega 16,   and a 

continuous path controller (PIC) is used. AutoCAD model (cero program) was 

used to design the arm as it provides a three-dimensional image. The 

kinematic equations were solved by the D-H method. The ANSYS program 

was used to formulate the finite method used to calculate the displacement of 

components. 

(Mohit Dhaka et al., 2016)[29] used Solid Works Motion, a 3D CAD 

program, to design articulated robotic arms and mechanisms. Simulated using 

LabVIEW. The control system is designed using Arduino,  where a virtual 

prototyping system was developed using Arduino instead of making a 

physical prototype. 

(Nasr et al., n.d.)[30] designed and controlled a robot arm with six degrees 

of freedom. MATLAB SimMechanics was used to model and simulate the 

arm and development between MATLAB SimMechanics and Autodesk was 

used to move the robot arm. Laser pins were used to sense the position of the 

clutch. The D.G. method was used to solve the kinematic equation. Stresses 

and deflections were checked using Autodesk. Due to the high nonlinearity in 

the robotic inverse, the inverse kinematics was used to manufacture the PID 

controller and obtain the required angular displacement . 

(Okubanjo et al., 2017)[31] modelled the dynamics of a 2-degree-of-freedom 

arm using a set of second-order nonlinear elements. The dynamics were 

carefully simulated using the Lagrange-Euler method. The PID controller is 

designed and tuned based on the trial and error method. Different articulation 

angles were established and responses were observed before implementing 

the actual model. The robot arm was controlled to reach and remain within 
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the desired joint angle position by implementing and simulating the PID 

controller using MATLAB Simulink. 

(Ghaleb & Aly, 2018)[32] modelled, simulated, and controlled a 2-degree of 

freedom robot arm. Kinematics were analyzed by the D-H method. The Euler-

Lagrange equation was used. The design was made by PID controller . 

MATLAB Simulink program was used. A permanent magnet DC motor is 

used to operate the system, which contains an electrical part and a mechanical 

part. Through experience, it has been shown that the slightest change in the 

control unit parameter leads to overshoot and more oscillations, and this 

requires adjusting the gains of the PID controllers and rotating them at every 

moment to prevent overshoot . 

(Bi, 2020)[33] focuses on the design of a two-degree-of-freedom PID control 

algorithm. The traditional PID control method has been improved to 2DOF 

PID control by introducing a fuzzy trapezoid MATLAB was used for 

simulation because the robot arm cannot be modeled, studied and controlled 

through fuzzy control theory.It has been observed through experiments that 

the system response speed is faster, the error is smaller, and the control effect 

is better.  

(Nguyen et al., 2020)[34] studied the construction of a mechanical model of 

a robotic arm featuring a pneumatic artificial muscle motor to rehabilitate the 

elbow joint. An adaptive fast tip-slip mode controller was developed and 

experimentally evaluated to obtain the desired response .  The stability of the 

control unit was analyzed according to Lyapunov’s theory and the laws of the 

fuzzy model were obtained.  Experimental results have proven that the 

proposed controller works successfully with nonlinear dynamic information . 
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(Salman et al., 2021)[35] The Lagrange-Euler method was used to 

dynamically model the robot with five degrees of freedom. The PID controller 

is implemented with a PIDN pass filter, which improves the control 

performance .  The Ziegler-Nichols method was used to tune the PID 

controller. The model simulation was performed in MATLAB . 

(Majeed et al., 2022)[36] designed a device to control the finger of the human 

hand. The string is modelled and controlled instead of the actuators with 3 

degrees of freedom . The Lagrange equation was used. Classic sliding mode 

control (CSMC) techniques were used to control finger movement, and to 

overcome the disadvantages of CSMC, an adaptive sliding mode controller 

was used. MATLAB simulation was used for the simulation. The results 

showed the superiority of ASMC over CSMC in reducing the phenomenon of 

chatter and responding quickly . 

 

2.4 Exoskeleton 

An exoskeleton is defined as an external wearable mechanism that is 

worn and moves parallel to the human body. In general, exoskeletons could 

be categorized into upper-extremity, lower-extremity, and whole-body types. 

The functions of the exoskeleton are varied. An exoskeleton may be used for 

augmentation or supplementation, for rehabilitation or assistance. Issues of 

significant importance that need to be considered in the research and 

development of an exoskeleton, such as design and control challenges.  

(Grimm et al., 2021) [37] A gravity-compensating multi-joint exoskeleton 

(Armeo spring) was used for the arm. This sensor-based assessment was 

compared to the clinical outcome scale (COS) of the Vogel-Meyer assessment 

of the upper extremity,where the range of motion in the joint space of four 
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individual joints was assessed, and an exoskeleton-based subjective 

assessment of single-joint movements was applied. A valid clinical 

assessment of the upper extremity range of motion can be performed in stroke 

patients with severe impairment. The shoulder concussion rate significantly 

contributed to the prediction of clinical status. Real-time sensor data from the 

exoskeleton was used to display a 3D multi-joint visualisation of the user's 

arm using virtual reality technology. A virtual representation of the patient's 

arm was displayed on a computer screen. The programming was done in the 

Microsoft XNA framework. MATLAB and SPSS were used to conduct 

statistical analysis. 

(Kansal et al., 2022)[38]  An upper limb exoskeleton is designed and 

developed for remote control of an industrial robot using an immersive 

environment (i.e. avoiding the operator being in dangerous, dirty and boring 

environments) as a visual response to the operator. This work can be applied 

in nuclear power plants. In this research, a new interactive technique based on 

hand gestures for 3D navigation in virtual environments is presented, the 

proposed technology also allows users to efficiently control speed during 

navigation. A low-cost exoskeleton for the attachment was presented, and a 

control scheme was used to control the upper limb exoskeleton with seven 

degrees of freedom. Two systems were used, one to measure the kinematics 

produced by the exoskeleton and the other for the KUKA control unit. 

(de Vries et al., 2023)[39]A field study was conducted in which 39 plasterers 

were fitted with an exoskeleton for 6 weeks to study the use of the 

exoskeleton, including workload, fatigue, behavior, productivity, quality, 

advantages, disadvantages, and acceptance. The study showed that 65% of 

plasterers would like to use the exoskeleton and are enthusiastic about its load-
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reducing effect. This is the first study to introduce exoskeletons to a target 

group and monitor the use of the exoskeleton. 

(Chen et al., 2023)[40] Presented a machine learning computing approach for 

processing 12 channels of myoelectric signals from the shoulder and upper 

limb to recognize shoulder movement patterns and control the upper arm 

exoskeleton in real time. The accuracy of the three machine learning 

algorithms was evaluated and compared to determine the optimal machine 

learning algorithm. The results showed that the SVM algorithm achieved 

better accuracy than the LR and ANN algorithms. The study also 

demonstrated that machine learning computing provides a reliable approach 

for recognizing shoulder motion patterns and that the offline pattern 

recognition system outperforms the current exoskeleton motion control 

accuracy. 

(Ramella et al., 2024)[41] An experiment was designed to test different levels 

of anti-gravity support using a passive upper limb exoskeleton and its effects 

on electromyographic signals were determined. Average muscle activation 

was calculated over complete cycles and sub-cycles, particularly during the 

arm raising and lowering phases. The results showed that the use of the 

exoskeleton led to a decrease in electromyographic activation for all muscles 

compared to the case without the exoskeleton . 

)Grazi et al., 2024([42] The first systematic analysis of muscle activation in 

the context of electrical stimulation is presented, demonstrating its potential 

to enhance understanding of the biomechanical effects of this technique. 

Dynamic and repetitive upper extremity movements were targeted. The results 

showed that peak and mean levels of co-activation decreased linearly with 

increasing anti-gravity support provided by the upper extremity exoskeleton. 
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This study represents the first case in which passive upper extremity 

movements have been shown to reduce co-activation of the shoulder muscles, 

paving the way for a new methodology for its assessment. 

2.5 Summary 

The reviewed studies show that most previous research focused on the 

modeling and control of human arm and upper-limb exoskeleton systems 

using conventional control techniques and numerical trajectory generation 

methods. While acceptable tracking performance was achieved, limited 

attention was given to analytical trajectory design and analytical torque 

computation with guaranteed fast response and low overshoot. 

In this work, a novel analytical approach is proposed for a five-degree-of-

freedom human arm model, where the system parameters are optimally 

selected using a Lagrangian multipliers method. An eight-term exponential 

function is used to generate the reference trajectory, and the corresponding 

joint torques are analytically derived. The proposed approach is validated 

through Monte Carlo simulations, demonstrating improved performance and 

robustness compared to existing methods. 
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                                         Chapter Three 

             Theoretical Analysis (Linear and Nonlinear Models) 

3.1 Introduction 

The objective of the present chapter will be divided into three main 

sections. The first section focuses on mathematical modelling, in which  

critical main equations related to kinetic, potential, and dissipation energies 

are used to model the proposed arm system using the Lagrangian method . To 

simlify the system model, the second section includes converting a nonlinear 

set of equations to a linear set of equations. Evantually, the third section 

involves optimizing (15) system’s parameters to obtain a short settling time 

and low overshoot. Figure 3.1 represents the flowchart of the research 

methodology. 

           

Figure (3.1): Flowchart of the research methodology. 
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3.2 Robotic Arm System Model 

A mathematical model provides a formal description of the dynamic 

behavior of a system, typically illustrated by a set of nonlinear ordinary 

differential equations. For the artificial human arm, the model consists of 

differential equations that represent its mechanical motion, taking into 

account inertia, joint torques, external forces, and energy dissipation. Figure 

(3-2) shows a model of an artificial human arm, which may be used by 

mechanical devices to provide functional movements of a human arm in 

diverse applications such as rehabilitation, sports, and innovation.  

 

 

Figure (3.2): Modelling of an Artificial human arm[43] 

A mathematical model of the human arm system can indeed be exhibited using 

a Mass-Damper-Spring model. The system has five degrees of freedom, 

which are represented by the coordinates: 𝑧1, 𝑧2, 𝑧3, 𝑦1, 𝜃. The angle 𝜃 ̃ shows 

the nominal position of the upper arm where we will analyze the vibrations. 

The coordinates 𝑧1, 𝑧2, 𝑧3 represent the longitudinal motions of the hand, the 

forearm, and the elbow, respectively, while the coordinates 𝑦1, 𝜃 introduces 

the vertical and rotational motions of the elbow joint, respectively. The value 

𝑧0 describes the external displacement acting on the hand. 
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3.2.1 Kinetic energy 

In our system, energy can be obtained from different forms: kinetic 

energy, potential energy, and dissipated energy. The human arm system 

generates  kinetic energy due to the motion of the hand, forearm and the 

elbow. In this model, the kinetic energy of the hand and forearm components 

comes from the horizontal  motion only. 

𝐾𝐸1
=

1

2
𝑚1𝑧̇1

2                                                                                                       (3.1)                                        

𝐾𝐸2
=

1

2
𝑚2𝑧̇2

2                                                                                                       (3.2)  

Where 𝑚1 & 𝑚2  represented the masses of the hand and forearm, 

respectively. The kinetic energy at the elbow results from both horizontal and 

vertical motion. Therefore, the distance to the center of gravity of the upper 

arm is represented as a vector, indicating the displacement of the third mass. 

𝑟𝑔⃑⃑⃑  = [𝑧3 + 𝐿𝑔 cos(𝜃 + 𝜃)]𝑖 + [𝑦1 + 𝐿𝑔𝑠𝑖𝑛(𝜃 + 𝜃)]𝑘                                 (3.3) 

𝐿𝑔: The half − length of the upper arm 

Deriving equation )3.3) to get the velocity. 

𝑣𝑔⃑⃑⃑⃑ = [𝑧3̇ − 𝐿𝑔𝜃̇ sin(𝜃 + 𝜃)]𝑖 + [𝑦1̇ + 𝐿𝑔𝜃̇ cos(𝜃 + 𝜃)]𝑘                         (3.4) 

The product of the two velocity vectors for equation (3.4) is calculated using 

the dot product: 

𝑣𝑔⃑⃑⃑⃑ . 𝑣𝑔⃑⃑⃑⃑ = {[𝑧3̇ − 𝐿𝑔𝜃̇ sin(𝜃 + 𝜃)]𝑖 + [𝑦1̇ + 𝐿𝑔𝜃̇ cos(𝜃 + 𝜃)]𝑘}. {[𝑧3̇ −

𝐿𝑔𝜃̇ sin(𝜃 + 𝜃)]𝑖 + [𝑦1̇ + 𝐿𝑔𝜃̇ cos(𝜃 + 𝜃)]𝑘} 

𝑣𝑔 .⃑⃑⃑⃑  ⃑ 𝑣𝑔⃑⃑⃑⃑ = [𝑧3̇ − 𝐿𝑔𝜃̇ sin(𝜃 + 𝜃)]
2
+ [𝑦1̇ + 𝐿𝑔𝜃̇ cos(𝜃 + 𝜃)]

2
                    (3.5) 

Kinetic energy of mass m moving with velocity 𝑣𝑔  and moment of inertia J 

rotating with angular velocity 𝜃̇. 

𝐾𝐸3
=

1

2
𝑚3𝑣𝑔 ⃑⃑⃑⃑  ⃑. 𝑣𝑔⃑⃑⃑⃑ +

1

2
𝐽𝜃̇2                                                                                 (3.6) 
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Where 𝑚3 is called the mass of the upper arm, J is the rotational inertia. 

By substitute eq.(3.5) into eq.(3.6) 

𝐾𝐸3
=

1

2
𝑚3 {[𝑧3̇ − 𝐿𝑔𝜃̇ sin(𝜃 + 𝜃)]

2
+ [𝑦1̇ + 𝐿𝑔𝜃̇ cos(𝜃 + 𝜃)]

2
}

+
1

2
𝐽𝜃̇2                                                                                            (3.7) 

Therefore, the total kinetic energy can be obtained by summing all 

the kinetic energy equations: 

𝐾𝐸 =
1

2
𝑚1𝑧̇1

2 +
1

2
𝑚2𝑧̇2

2 +
1

2
𝑚3 {

[𝑧3̇ − 𝐿𝑔𝜃̇ sin(𝜃 + 𝜃)]
2

+[𝑦1̇ + 𝐿𝑔𝜃̇ cos(𝜃 + 𝜃)]
2
}

+
1

2
𝐽𝜃̇2                                                                                            (3.8) 

3.2.2 Potential energy 

The second source of energy in this system is potential energy, which 

primarily depends on elastic and gravitational forces. In a mechanical system, 

potential energy can be stored exclusively by mass and spring components. 

Therefore, the muscles in the arms exhibit elastic properties, allowing them to 

absorb and release energy similarly to a spring. This system contains five 

possible forms of potential energy: 

𝑃𝐸1
=

1

2
𝑘1(𝑧1 − 𝑧0)

2                                                                                           (3.9) 

𝑃𝐸2
=

1

2
𝑘2(𝑧2 − 𝑧1)

2                                                                                        (3.10) 

𝑃𝐸3
=

1

2
𝑘3(𝑧3 − 𝑧2)

2                                                                                        (3.11) 

𝑃𝐸4
=

1

2
𝑘𝑡(𝜃 + 𝜃)2                                                                                           (3.12) 

𝑃𝐸5
=

1

2
𝑘4𝑧4

2                                                                                                     (3.13) 
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The springs and dampers at 𝑧4and 𝑦2 have displacements that are related by 

(𝑧3,𝑦1, 𝜃) in order to find the potential energy of all the springs and dampers, 

respectively. 

𝑧4 = 𝑧3 + 𝐿𝑐𝑜𝑠(𝜃 + 𝜃)                                                                                    (3.14) 

Substitute eq.(3.14) in eq.(3.13) 

𝑃𝐸5
=

1

2
𝑘4[𝑧3 + 𝐿𝑐𝑜𝑠(𝜃 + 𝜃)]2                                                                     (3.15) 

𝑃𝐸6
=

1

2
𝑘5𝑦2

2                                                                                                     (3.16) 

𝑦2 = 𝑦1 + 𝐿𝑠𝑖𝑛(𝜃 + 𝜃)                                                                                    (3.17) 

Substitute eq.(3.17) in eq.(3.16) 

𝑃𝐸6
=

1

2
𝑘5[𝑦1 + 𝐿𝑠𝑖𝑛(𝜃 + 𝜃)]2                                                                     (3.18) 

Furthermore, the elbow exhibits gravitational force due to its position relative 

to the reference point 

𝑃𝐸7
= 𝑚3𝑔[𝑦1 + 𝐿𝑔𝑠𝑖𝑛(𝜃 + 𝜃]                                                                      (3.19) 

The total potential energy can be extracted as the sum of the  potential energy 

equations : 

𝑃𝐸 =
1

2
{𝑘1(𝑧1 − 𝑧0)

2 + 𝑘2(𝑧2 − 𝑧1)
2 + 𝑘3(𝑧3 − 𝑧2)

2 + 𝑘𝑡(𝜃 + 𝜃)2

+ 𝑘4[𝑧3 + 𝐿𝑐𝑜𝑠(𝜃 + 𝜃)]2 + 𝑘5[𝑦1 + 𝐿𝑠𝑖𝑛(𝜃 + 𝜃)]2}

+ 𝑚3𝑔[𝑦1 𝐿𝑔𝑠𝑖𝑛(𝜃 + 𝜃]                                                          (3.20) 

3.2.3 Dissipated energy 

It is energy that has been converted into forms that are unhelpful or 

unusable for work. It is essentially energy that gets "lost" from a system, 

frequently manifesting as heat or sound, rendering it unavailable for its 

original function. The arm muscles can resist movement, allowing them to 
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absorb energy and reduce fluctuations, as with a damper. This system has five 

forms of dissipated energy: 

𝐷𝐸1
=

1

2
𝑐1(𝑧1̇ − 𝑧0̇)

2                                                                                        (3.21) 

𝐷𝐸2
=

1

2
𝑐2(𝑧2̇ − 𝑧1̇)

2                                                                                       (3.22) 

𝐷𝐸3
=

1

2
𝑐3(𝑧3̇ − 𝑧2̇)

2                                                                                       (3.23) 

𝐷𝐸4
=

1

2
𝑐𝑡𝜃̇

2                                                                                                       (3.24) 

𝐷𝐸5
=

1

2
𝑐4𝑧4̇

2                                                                                                     (3.25) 

By deriving equation (3.14) 

𝑧4̇ = 𝑧3̇ − 𝐿𝜃̇ sin(𝜃 + 𝜃)                                                                                 (3.26) 

Substitute eq.(3.26) in eq.(3.25) 

𝐷𝐸5
=

1

2
𝑐4[𝑧3̇ − 𝐿𝜃̇ sin(𝜃 + 𝜃)]

2
                                                                  (3.27) 

In addition, energy can be lost due to friction at the elbow joint 

𝐷𝐸6
=

1

2
𝑐5𝑦2̇

2                                                                                                     (3.28) 

By deriving equation (3.17) 

𝑦2̇ = 𝑦1̇ + 𝐿𝜃̇ cos(𝜃 + 𝜃)                                                                                (3.29) 

Substitute eq.(3.29) in eq.(3.28) 

𝐷𝐸6
=

1

2
𝑐5[𝑦1̇ + 𝐿𝜃̇ cos(𝜃 + 𝜃)]

2
                                                                 (3.30) 

The total wasted energy can be presented as shown below: 
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𝐷𝐸 =
1

2
{𝑐1(𝑧1̇ − 𝑧0̇)

2 + 𝑐2(𝑧2̇ − 𝑧1̇)
2 + 𝑐3(𝑧3̇ − 𝑧2̇)

2 + 𝑐𝑡𝜃̇
2

+ 𝑐4[𝑧3̇ − 𝐿𝜃̇ sin(𝜃 + 𝜃)]
2

+ 𝑐5[𝑦1̇ + 𝐿𝜃̇ cos(𝜃 + 𝜃)]
2
}                                                   (3.31) 

The proposed human arm model, like any mechanical engineering system, 

follows the principle of energy conservation. The Euler-Lagrange method will 

be used to describe the arm's motion by including the effects of kinetic, 

potential, and dissipated energies[43].  

𝑑

𝑑𝑡
[
𝜕𝐾𝐸

𝜕𝑞𝑖
̇

] −
𝜕𝐾𝐸

𝜕𝑞𝑖
+

𝜕𝑃𝐸

𝜕𝑞𝑖
+

𝜕𝐷𝐸

𝜕𝑞𝑖
̇

= 𝑄𝑖                                                              (3.32) 

where q represents the state variable and the index i refers to the number of 

degrees of freedom. To find the governing equations of motion, the human 

arm system is assumed to have five degrees of freedom, with no external 

forces (𝑄) acting on it. The first nonlinear governing equation of motion can 

be derived as follows   

𝑑

𝑑𝑡
[
𝜕𝐾𝐸

𝜕𝑧1
̇

] −
𝜕𝐾𝐸

𝜕𝑧1
+

𝜕𝐷𝐸

𝜕𝑧1
̇

+
𝜕𝑃𝐸

𝜕𝑧1
= 𝑍1                                                             (3.33) 

𝑑

𝑑𝑡
[
𝜕𝐾𝐸

𝜕𝑧1
̇

] =
𝑑

𝑑𝑡
(𝑚1𝑧1̇) = 𝑚1𝑧1̈ 

𝜕𝐾𝐸

𝜕𝑧1
= 0 

𝜕𝐷𝐸

𝜕𝑧1
̇

=
1

2
∗ 2𝑐1(𝑧1̇ − 𝑧0̇) +

1

2
∗ 2𝑐2(𝑧2̇ − 𝑧1̇) ∗ −1 

𝜕𝐷𝐸

𝜕𝑧1
̇

= 𝑐1(𝑧1̇ − 𝑧0̇) − 𝑐2(𝑧2̇ − 𝑧1̇) 

𝜕𝑃𝐸

𝜕𝑧1
=

1

2
∗ 2𝑘1(𝑧1 − 𝑧0) +

1

2
∗ 2𝑘2(𝑧2 − 𝑧1) ∗ −1 
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𝜕𝑃𝐸

𝜕𝑧1
= 𝑘1(𝑧1 − 𝑧0) − 𝑘2(𝑧2 − 𝑧1) 

Then equation (3.33) can be eventually expressed by: 

𝑚1𝑧1̈ + 𝑐1(𝑧1̇ − 𝑧0̇) − 𝑐2(𝑧2̇ − 𝑧1̇) + 𝑘1(𝑧1 − 𝑧0)  − 𝑘2(𝑧2 − 𝑧1) = 0              

𝑚1𝑧1̈ + (𝑐1 + 𝑐2)𝑧1̇ − 𝑐2𝑧2̇ + (𝑘1 + 𝑘2)𝑧1 − 𝑘2𝑧2 = 𝑐1𝑧0̇ + 𝑘1𝑧0       (3.34) 

The second nonlinear governing equation of motion can be derived as follows   

𝑑

𝑑𝑡
[
𝜕𝐾𝐸

𝜕𝑧2
̇

] −
𝜕𝐾𝐸

𝜕𝑧2
+

𝜕𝐷𝐸

𝜕𝑧2
̇

+
𝜕𝑃𝐸

𝜕𝑧2
= 𝑍2                                                             (3.35) 

𝑑

𝑑𝑡
[
𝜕𝐾𝐸

𝜕𝑧2
̇

] =
𝑑

𝑑𝑡
(𝑚2𝑧2̇) = 𝑚2𝑧2̈ 

𝜕𝐾𝐸

𝜕𝑧2
= 0 

𝜕𝐷𝐸

𝜕𝑧2
̇

=
1

2
∗ 2𝑐2(𝑧2̇ − 𝑧1̇) +

1

2
∗ 2𝑐3(𝑧3̇ − 𝑧2̇) ∗ −1 

𝜕𝐷𝐸

𝜕𝑧2
̇

= 𝑐2(𝑧2̇ − 𝑧1̇) − 𝑐3(𝑧3̇ − 𝑧2̇) 

𝜕𝑃𝐸

𝜕𝑧2
=

1

2
∗ 2𝑘2(𝑧2 − 𝑧1) +

1

2
∗ 2𝑘3(𝑧3 − 𝑧2) ∗ −1 

𝜕𝑃𝐸

𝜕𝑧2
= 𝑘2(𝑧2 − 𝑧1) − 𝑘3(𝑧3 − 𝑧2) 

𝑚2𝑧2̈ + 𝑐2(𝑧2̇ − 𝑧1̇) − 𝑐3(𝑧3̇ − 𝑧2̇) + 𝑘2(𝑧2 − 𝑧1) − 𝑘3(𝑧3 − 𝑧2) = 0 

𝑚2𝑧2̈ + (𝑐2 + 𝑐3)𝑧2̇ − 𝑐2𝑧1̇ − 𝑐3𝑧3̇ + (𝑘2 + 𝑘3)𝑧2 − 𝑘2𝑧1 − 𝑘3𝑧3

= 0                                                                                                 (3.36) 

The third nonlinear governing equation of motion can be derived as follows   

𝑑

𝑑𝑡
[
𝜕𝐾𝐸

𝜕𝑧3
̇

] −
𝜕𝐾𝐸

𝜕𝑧3
+

𝜕𝐷𝐸

𝜕𝑧3
̇

+
𝜕𝑃𝐸

𝜕𝑧3
= 𝑍3                                                             (3.37) 
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𝑑

𝑑𝑡
[
𝜕𝐾𝐸

𝜕𝑧3
̇

] =
𝑑

𝑑𝑡
[
1

2
∗ 2𝑚3𝑧3̇ −

1

2
𝑚3 ∗ 2𝐿𝑔𝜃̇ sin( 𝜃 + 𝜃)]

=
𝑑

𝑑𝑡
[𝑚3(𝑧3̇ − 𝐿𝑔𝜃̇ sin( 𝜃 + 𝜃))] 

 

𝑑

𝑑𝑡
[
𝜕𝐾𝐸

𝜕𝑧3
̇

] = 𝑚3{𝑧3̈ − 𝐿𝑔[𝜃̇𝑐𝑜𝑠( 𝜃 + 𝜃)𝜃̇ + 𝑠𝑖𝑛( 𝜃 + 𝜃)𝜃̈]}

= 𝑚3[𝑧3̈ − 𝐿𝑔 cos( 𝜃 + 𝜃) 𝜃̇2 − 𝐿𝑔sin (𝜃 + 𝜃)𝜃]̈  

𝜕𝐾𝐸

𝜕𝑧3
= 0 

𝜕𝐷𝐸

𝜕𝑧3
̇

=
1

2
∗ 2𝑐3(𝑧3̇ − 𝑧2̇) +

1

2
∗ 2𝑐4[𝑧3̇ − 𝐿𝜃̇𝑠𝑖 𝑛(𝜃 + 𝜃)] 

𝜕𝐷𝐸

𝜕𝑧3
̇

= 𝑐3(𝑧3̇ − 𝑧2̇) + 𝑐4[𝑧3̇ − 𝐿𝜃̇𝑠𝑖 𝑛(𝜃 + 𝜃)] 

𝜕𝑃𝐸

𝜕𝑧3
=

1

2
∗ 2𝑘3(𝑧3 − 𝑧2) +

1

2
∗ 2𝑘4[𝑧3 + 𝐿𝑐𝑜𝑠(𝜃 + 𝜃)] 

𝜕𝑃𝐸

𝜕𝑧3
= 𝑘3(𝑧3 − 𝑧2) + 𝑘4[𝑧3 + 𝐿𝑐𝑜𝑠(𝜃 + 𝜃)] 

𝑚3[𝑧3̈ − 𝐿𝑔 cos( 𝜃 + 𝜃) 𝜃̇2 − 𝐿𝑔 sin(𝜃 + 𝜃) 𝜃]̈ + 𝑐3(𝑧3̇ − 𝑧2̇)

+ 𝑐4[𝑧3̇ − 𝐿𝜃̇𝑠𝑖 𝑛(𝜃 + 𝜃)] + 𝑘3(𝑧3 − 𝑧2)

+ 𝑘4[𝑧3 + 𝐿𝑐𝑜𝑠(𝜃 + 𝜃)] = 0 

𝑚3[𝑧3̈ − 𝐿𝑔 cos( 𝜃 + 𝜃) 𝜃̇2 − 𝐿𝑔 sin(𝜃 + 𝜃) 𝜃]̈ + (𝑐3 + 𝑐4)𝑧3̇ − 𝑐3𝑧2̇

− 𝑐4𝐿𝑠𝑖𝑛(𝜃 + 𝜃)𝜃̇ + (𝑘3 + 𝑘4)𝑧3 − 𝑘3𝑧2 + 𝑘4𝐿𝑐𝑜𝑠(𝜃 + 𝜃)

= 0                                                                                                 (3.38) 

The forth nonlinear governing equation of motion can be derived as follows   

𝑑

𝑑𝑡
[
𝜕𝐾𝐸

𝜕𝑦1
̇

] −
𝜕𝐾𝐸

𝜕𝑦1
+

𝜕𝐷𝐸

𝜕𝑦1
̇

+
𝜕𝑃𝐸

𝜕𝑦1
= 𝑌1                                                              (3.39) 
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𝑑

𝑑𝑡
[
𝜕𝐾𝐸

𝜕𝑦1
̇

] =
𝑑

𝑑𝑡
[
1

2
∗ 2𝑚3[𝑦1 +̇ 𝐿𝑔𝜃̇ cos( 𝜃 + 𝜃)]

=
𝑑

𝑑𝑡
[𝑚3(𝑦1 +̇ 𝐿𝑔𝜃̇ cos( 𝜃 + 𝜃)] 

𝑑

𝑑𝑡
[
𝜕𝐾𝐸

𝜕𝑦1
̇

] = 𝑚3{𝑦1̈ + 𝐿𝑔[𝜃̇(−𝑠𝑖𝑛( 𝜃 + 𝜃))𝜃̇ + 𝑐𝑜𝑠( 𝜃 + 𝜃)𝜃̈]}

= 𝑚3[𝑦1̈ − 𝐿𝑔 sin( 𝜃 + 𝜃) 𝜃̇2 + 𝐿𝑔cos(𝜃 + 𝜃)𝜃]̈  

𝜕𝐾𝐸

𝜕𝑧3
= 0 

𝜕𝐷𝐸

𝜕𝑦1
̇

=
1

2
∗ 2𝑐5[𝑦1̇ + 𝐿𝜃̇ cos(𝜃 + 𝜃)] 

𝜕𝐷𝐸

𝜕𝑦1
̇

= 𝑐5[𝑦1̇ + 𝐿𝜃̇ cos(𝜃 + 𝜃)] 

𝜕𝑃𝐸

𝜕𝑦1
=

1

2
∗ 2𝑘5[𝑦1 + 𝐿𝑠𝑖𝑛(𝜃 + 𝜃)] + 𝑚3𝑔 

𝜕𝑃𝐸

𝜕𝑦1
= 𝑘5[𝑦1 + 𝐿𝑠𝑖𝑛(𝜃 + 𝜃)] + 𝑚3𝑔 

𝑚3[𝑦1̈ − 𝐿𝑔 sin( 𝜃 + 𝜃) 𝜃̇2 + 𝐿𝑔cos(𝜃 + 𝜃)𝜃]̈ + 𝑐5[𝑦1̇ + 𝐿𝜃̇ cos(𝜃 + 𝜃)]

+ 𝑘5[𝑦1 + 𝐿𝑠𝑖𝑛(𝜃 + 𝜃)] + 𝑚3𝑔 

𝑚3[𝑦1̈ − 𝐿𝑔 sin( 𝜃 + 𝜃) 𝜃̇2 + 𝐿𝑔cos(𝜃 + 𝜃)𝜃̈ + 𝑔]

+ 𝑐5[𝑦1̇ + 𝐿𝜃̇ cos(𝜃 + 𝜃)] + 𝑘5[𝑦1 + 𝐿𝑠𝑖𝑛(𝜃 + 𝜃)]

= 0                                                                                                 (3.40) 

The fifth nonlinear governing equation of motion can be derived as follows   

𝑑

𝑑𝑡
[
𝜕𝐾𝐸

𝜕𝜃̇
] −

𝜕𝐾𝐸

𝜕𝜃
+

𝜕𝐷𝐸

𝜕𝜃̇
+

𝜕𝑃𝐸

𝜕𝜃
= 𝜃                                                               (3.41) 
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𝜕𝐾𝐸

𝜕𝜃̇
=

1

2
∗ 2𝑚3[𝑧3 −̇ 𝐿𝑔𝜃̇ sin( 𝜃 + 𝜃)] ∗ (−𝐿𝑔 sin( 𝜃 + 𝜃)) +

1

2

∗ 2𝑚3[𝑦1 +̇ 𝐿𝑔𝜃̇ cos( 𝜃 + 𝜃)] ∗ (𝐿𝑔𝑐𝑜𝑠( 𝜃 + 𝜃)) +
1

2
∗ 2𝐽𝜃̇

= 𝑚3𝐿𝑔{− sin( 𝜃 + 𝜃) [𝑧3 −̇ 𝐿𝑔𝜃̇ sin( 𝜃 + 𝜃)]

+ 𝑐𝑜𝑠( 𝜃 + 𝜃)[𝑦1 +̇ 𝐿𝑔𝜃̇ cos( 𝜃 + 𝜃)]} + 𝐽𝜃̇ 

𝑑

𝑑𝑡
[
𝜕𝐾𝐸

𝜕𝜃̇
] = 𝑚3𝐿𝑔 {−sin( 𝜃 + 𝜃) [𝑧3̈ − 𝐿𝑔𝜃̈𝑠𝑖𝑛( 𝜃 + 𝜃)] + cos( 𝜃 + 𝜃) [𝑦1̈

+ 𝐿𝑔𝜃̈𝑐𝑜𝑠( 𝜃 + 𝜃)]} + 𝐽𝜃̈ 

𝑑

𝑑𝑡
[
𝜕𝐾𝐸

𝜕𝜃̇
] = 𝑚3𝐿𝑔{[−𝑧3̈ 𝑠𝑖𝑛( 𝜃 + 𝜃) + 𝑦1̈𝑐𝑜𝑠( 𝜃 + 𝜃)

+ 𝐿𝑔𝜃̈[𝑠𝑖𝑛2( 𝜃 + 𝜃) + 𝑐𝑜𝑠2( 𝜃 + 𝜃)]} + 𝐽𝜃̈ 

𝑑

𝑑𝑡
[
𝜕𝐾𝐸

𝜕𝜃̇
] = (𝐽 + 𝑚3𝐿𝑔

2)𝜃̈ + 𝑚3𝐿𝑔[−𝑧3̈ 𝑠𝑖𝑛( 𝜃 + 𝜃) + 𝑦1̈𝑐𝑜𝑠( 𝜃 + 𝜃)] 

𝜕𝐾𝐸

𝜕𝜃
= 0 

𝜕𝐷𝐸

𝜕𝜃̇
=

1

2
∗ 2𝑐𝑡𝜃̇ +

1

2
∗ 2𝑐4[𝑧3 −̇ 𝐿𝜃̇ sin( 𝜃 + 𝜃)] ∗ (−𝐿 sin( 𝜃 + 𝜃)) +

1

2

∗ 2𝑐5[𝑦1 +̇ 𝐿𝜃̇ cos( 𝜃 + 𝜃)] ∗ (𝐿 cos( 𝜃 + 𝜃)) 

𝜕𝐷𝐸

𝜕𝜃̇
= 𝑐𝑡𝜃̇ − 𝑐4𝐿 sin( 𝜃 + 𝜃) [𝑧3 −̇ 𝐿𝜃̇ sin( 𝜃 + 𝜃)]

+ 𝑐5 𝐿 cos( 𝜃 + 𝜃)[𝑦1 +̇ 𝐿𝜃̇ cos( 𝜃 + 𝜃)] 

𝜕𝑃𝐸

𝜕𝜃
=

1

2
∗ 2𝑘𝑡(𝜃 + 𝜃) +

1

2
∗ 2𝑘4[𝑧3 + 𝐿𝑐𝑜𝑠(𝜃 + 𝜃)] ∗ (−𝐿𝑠𝑖𝑛(𝜃 + 𝜃))

+
1

2
∗ 2𝑘5[𝑦1 + 𝐿𝑠𝑖𝑛(𝜃 + 𝜃)] ∗ (𝐿𝑐𝑜𝑠(𝜃 + 𝜃))

+ 𝑚3𝑔𝐿𝑔cos (𝜃 + 𝜃) 
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𝜕𝑃𝐸

𝜕𝜃
= 𝑘𝑡(𝜃 + 𝜃) − 𝑘4 𝐿𝑠𝑖𝑛(𝜃 + 𝜃)[𝑧3 + 𝐿𝑐𝑜𝑠(𝜃 + 𝜃)]

+ 𝑘5 𝐿𝑐𝑜𝑠(𝜃 + 𝜃)[𝑦1 + 𝐿𝑠𝑖𝑛(𝜃 + 𝜃)] + 𝑚3𝑔𝐿𝑔cos (𝜃 + 𝜃) 

(𝐽 + 𝑚3𝐿𝑔
2)𝜃̈ + 𝑚3𝐿𝑔[−𝑧3̈ 𝑠𝑖𝑛( 𝜃 + 𝜃) + 𝑦1̈𝑐𝑜𝑠( 𝜃 + 𝜃)]+ 𝑐𝑡𝜃̇ −

𝑐4𝐿 sin( 𝜃 + 𝜃) [𝑧3 −̇ 𝐿𝜃̇ sin( 𝜃 + 𝜃)] + 𝑐5 𝐿 cos( 𝜃 + 𝜃)[𝑦1 +̇ 𝐿𝜃̇ cos( 𝜃 +

𝜃)] + 𝑘𝑡(𝜃 + 𝜃) − 𝑘4 𝐿𝑠𝑖𝑛(𝜃 + 𝜃)[𝑧3 + 𝐿𝑐𝑜𝑠(𝜃 + 𝜃)] + 𝑘5 𝐿𝑐𝑜𝑠(𝜃 +

𝜃)[𝑦1 + 𝐿𝑠𝑖𝑛(𝜃 + 𝜃)] + 𝑚3𝑔𝐿𝑔 cos(𝜃 + 𝜃) = 0                                     (3.42) 

The five nonlinear governing equations of motion can be derived as follows   

 

{
 
 
 
 
 
 

 
 
 
 
 
 

𝑚1𝑧1̈ + (𝑐1 + 𝑐2)𝑧1̇ − 𝑐2𝑧2̇ + (𝑘1 + 𝑘2)𝑧1 − 𝑘2𝑧2 = 𝑐1𝑧0̇ + 𝑘1𝑧0           (1)

𝑚2𝑧2̈ + (𝑐2 + 𝑐3)𝑧2̇ − 𝑐2𝑧1̇ − 𝑐3𝑧3̇ + (𝑘2 + 𝑘3)𝑧2 − 𝑘2𝑧1 − 𝑘3𝑧3 = 0   (2)

𝑚3[𝑧3̈ − 𝐿𝑔 cos( 𝜃 + 𝜃) 𝜃̇2 − 𝐿𝑔 sin(𝜃 + 𝜃)𝜃]̈ + (𝑐3 + 𝑐4)𝑧3̇

−𝑐3𝑧2̇ − 𝑐4𝐿𝑠𝑖𝑛(𝜃 + 𝜃)𝜃̇ + (𝑘3 + 𝑘4)𝑧3 − 𝑘3𝑧2 + 𝑘4𝐿𝑐𝑜𝑠(𝜃 + 𝜃) = 0 (3)

𝑚3[𝑦1̈ − 𝐿𝑔 sin( 𝜃 + 𝜃) 𝜃̇2 + 𝐿𝑔cos(𝜃 + 𝜃)𝜃̈ + 𝑔]

+𝑐5[𝑦1̇ + 𝐿𝜃̇ cos(𝜃 + 𝜃)] + 𝑘5[𝑦1 + 𝐿𝑠𝑖𝑛(𝜃 + 𝜃)] = 0                              (4)

(𝐽 + 𝑚3𝐿𝑔
2)𝜃̈ + 𝑚3𝐿𝑔[−𝑧3̈ 𝑠𝑖𝑛( 𝜃 + 𝜃) + 𝑦1̈𝑐𝑜𝑠( 𝜃 + 𝜃)] +  𝑐𝑡𝜃̇

−𝑐4𝐿 sin( 𝜃 + 𝜃) [𝑧3 −̇ 𝐿𝜃̇ sin( 𝜃 + 𝜃)] + 𝑐5 𝐿𝑐𝑜𝑠( 𝜃 + 𝜃)[𝑦1 +̇

𝐿𝜃̇ cos( 𝜃 + 𝜃)] + 𝑘𝑡(𝜃 + 𝜃) − 𝑘4 𝐿𝑠𝑖𝑛(𝜃 + 𝜃)[𝑧3 + 𝐿𝑐𝑜𝑠(𝜃 + 𝜃)]

+𝑘5 𝐿𝑐𝑜𝑠(𝜃 + 𝜃)[𝑦1 + 𝐿𝑠𝑖𝑛(𝜃 + 𝜃)] + 𝑚3𝑔𝐿𝑔 cos(𝜃 + 𝜃) = 0              (5)}
 
 
 
 
 
 

 
 
 
 
 
 

       (3.43) 

                                                                                                                               

 

                                                                                                                                 

 

3.3 Linearization 

Most dynamic systems in the real world are nonlinear and are described 

by nonlinear differential equations. However, many control system design and 

analysis techniques are applicable only to linear system models. Linearization 

is therefore used to approximate a nonlinear system by a linear model around 

an operating point, which simplifies analysis and controller design. 

In this work, the nonlinear dynamic equations were linearized and 

implemented in MATLAB using the state-space approach. The original five 
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second-order differential equations of the system were converted into ten first-

order state equations, enabling efficient numerical simulation and control 

design. This transformation provides a convenient framework for system 

analysis, stability evaluation, and controller implementation. The general 

equation of the linearization: 

∆𝑌 =
𝜕𝑌

𝜕𝑋1
|
𝑖
∆𝑋1 +

𝜕𝑌

𝜕𝑋2
|
𝑖
∆𝑋2 + ⋯+

𝜕𝑌

𝜕𝑋𝑛
|
𝑖
∆𝑋𝑛                                        (3.44) 

In our proposed model, the human arm is characterized as a mechanical 

system, enabling it to oscillate naturally due to its mechanical properties while 

being controlled by actuator systems. During the oscillation, the system 

undergoes a nonlinear behavior, which makes it difficult to find the 

transmissibility of the arm. Therefore, a linearization technique is used to 

assess the system's response while oscillating near an operating point to 

estimate linear motion. To achieve this, the system is linearized around an 

equilibrium elbow angle (𝜃), predicting small perturbations. Applying the 

identities of sine and cosine addition formulas: 

𝑠𝑖𝑛(𝜃 + 𝜃) = 𝑠𝑖𝑛𝜃𝑐𝑜𝑠𝜃 + 𝑠𝑖𝑛𝜃𝑐𝑜𝑠𝜃                                                           (3.45) 

𝑐𝑜𝑠(𝜃 + 𝜃) = 𝑐𝑜𝑠𝜃𝑐𝑜𝑠𝜃 − 𝑠𝑖𝑛𝜃𝑠𝑖𝑛𝜃                                                          (3.46) 

Assuming that the arm oscillates with a small motion (𝑠𝑖𝑛𝜃 = 𝜃, 𝑐𝑜𝑠𝜃 = 1) 

𝑠𝑖𝑛(𝜃 + 𝜃) = 𝜃𝑐𝑜𝑠𝜃 + 𝑠𝑖𝑛𝜃                                                                 (3.47) 

𝑐𝑜𝑠(𝜃 + 𝜃) = 𝑐𝑜𝑠𝜃 − 𝜃𝑠𝑖𝑛𝜃                                                                 (3.48)  

Substituting eq.(3.47) and eq.(3.48)in eq.(3.43) , yields to: 
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{
 
 
 
 
 
 
 

 
 
 
 
 
 
 

𝑚1𝑧1̈ + (𝑐1 + 𝑐2)𝑧1̇ − 𝑐2𝑧2̇ + (𝑘1 + 𝑘2)𝑧1 − 𝑘2𝑧2 = 𝑐1𝑧0̇ + 𝑘1𝑧0          (1)

𝑚2𝑧2̈ + (𝑐2 + 𝑐3)𝑧2̇ − 𝑐2𝑧1̇ − 𝑐3𝑧3̇ + (𝑘2 + 𝑘3)𝑧2 − 𝑘2𝑧1 − 𝑘3𝑧3 = 0 (2)

𝑚3[𝑧3̈ − 𝐿𝑔𝑠𝑖𝑛𝜃𝜃]̈ + (𝑐3 + 𝑐4)𝑧3̇ − 𝑐3𝑧2̇ − 𝑐4𝐿𝑠𝑖𝑛𝜃𝜃̇

+(𝑘3 + 𝑘4)𝑧3 − 𝑘3𝑧2 + 𝑘4𝐿(𝑐𝑜𝑠𝜃 − 𝑠𝑖𝑛𝜃𝜃)0 = 0                                     (3)

𝑚3[𝑦1̈ + 𝐿𝑔𝑐𝑜𝑠𝜃𝜃̈ + 𝑔] + 𝑐5[𝑦1̇ + 𝐿𝑐𝑜𝑠𝜃𝜃̇]  +

𝑘5[𝑦1 + 𝐿(𝜃𝑐𝑜𝑠𝜃 + 𝑠𝑖𝑛𝜃)] = 0                                                                       (4)

(𝐽 + 𝑚3𝐿𝑔
2)𝜃̈ + 𝑚3𝐿𝑔[−𝑠𝑖𝑛𝜃𝑧3̈ + 𝑐𝑜𝑠𝜃𝑦1̈]

+ 𝑐𝑡𝜃̇ − 𝑐4𝐿𝑠𝑖𝑛𝜃[𝑧3̇ − 𝐿𝑠𝑖𝑛𝜃𝜃̇]

+𝑐5 𝐿 𝑐𝑜𝑠𝜃  [𝑦1̇ + 𝐿𝑐𝑜𝑠𝜃𝜃̇] + 𝑘𝑡(𝜃 + 𝜃)

−𝑘4 𝐿(𝜃𝑐𝑜𝑠𝜃 + 𝑠𝑖𝑛𝜃)[𝑧3 + 𝐿(𝑐𝑜𝑠𝜃 − 𝜃𝑠𝑖𝑛𝜃)]

+𝑘5 𝐿(𝑐𝑜𝑠𝜃 − 𝜃𝑠𝑖𝑛𝜃)[𝑦1 + 𝐿(𝜃𝑐𝑜𝑠𝜃 + 𝑠𝑖𝑛𝜃)] + 𝑚3𝑔𝐿𝑔(𝑐𝑜𝑠𝜃 − 𝜃𝑠𝑖𝑛𝜃)

= 0                                                                                                                          (5) }
 
 
 
 
 
 
 

 
 
 
 
 
 
 

(3.49) 

                                 

The equations of motion for the human arm system in matrix form, involving 

mass, damping, and stiffness, can be obtained in Eq. (3.50) 

𝑀𝑧⃐̈ + 𝐶𝑧⃐̇ + 𝐾𝑧⃐ = [𝐹]                                                                                       (3.50) 

where: 

[𝑀] =

[
 
 
 
 
 
𝑚1 0 0 0 0
0 𝑚2 0 0 0

0 0 𝑚3 0 −𝐿𝑔𝑚3𝑠𝑖𝑛𝜃

0 0 0 𝑚3 𝐿𝑔𝑚3𝑐𝑜𝑠𝜃

0 0 −𝐿𝑔𝑚3𝑠𝑖𝑛𝜃 𝐿𝑔𝑚3𝑐𝑜𝑠𝜃 𝐽 + 𝐿𝑔
2𝑚3 ]

 
 
 
 
 

 

 

[𝐶] =

[
 
 
 
 
 
 
𝑐1 + 𝑐2 −𝑐2 0 0 0
−𝑐2 𝑐2 + 𝑐3 −𝑐3 0 0

0 −𝑐3 𝑐3 + 𝑐4 0 −𝑐4𝐿𝑠𝑖𝑛𝜃

0 0 0 𝑐5 𝑐5𝐿𝑐𝑜𝑠𝜃

0 0 −𝑐4𝐿𝑠𝑖𝑛𝜃 𝑐5𝐿𝑐𝑜𝑠𝜃 (
𝑐𝑡 + 𝑐4𝐿

2𝑠𝑖𝑛𝜃2

+𝑐5𝐿
2𝑐𝑜𝑠𝜃2

)
]
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[𝐾] =

[
 
 
 
 
 
 
 
 
 
𝑘1 + 𝑘2 −𝑘2 0 0 0
−𝑘2 𝑘2 + 𝑘3 −𝑘3 0 0

0 −𝑘3 𝑘3 + 𝑘4 0 −𝑘4𝐿𝑠𝑖𝑛𝜃

0 0 0 𝑘5 𝑘5𝐿𝑐𝑜𝑠𝜃

0 0 −𝑘4𝐿𝑠𝑖𝑛𝜃 𝑘5𝐿𝑐𝑜𝑠𝜃

(

 
 

𝑘𝑡 − 𝑘4𝐿
2(𝑐𝑜𝑠𝜃2

−𝑠𝑖𝑛𝜃2 + 𝑘5𝐿
2

(𝑐𝑜𝑠𝜃2 − 𝑠𝑖𝑛𝜃2)

−𝑚3𝑔𝐿𝑔𝑠𝑖𝑛𝜃 )

 
 

]
 
 
 
 
 
 
 
 
 

 

 

[𝐹] =

[
 
 
 
 
 

𝑐1𝑧0̇ + 𝑘1𝑧0

0
−𝑘4𝐿𝑐𝑜𝑠𝜃

−𝑚3𝑔 − 𝑘5𝐿𝑠𝑖𝑛𝜃

−𝑘𝑡𝜃̃ + 𝑘4𝐿
2𝑠𝑖𝑛𝜃𝑐𝑜𝑠𝜃 − 𝑘5𝐿

2𝑠𝑖𝑛𝜃𝑐𝑜𝑠𝜃 − 𝑚3𝑔𝐿𝑔𝑐𝑜𝑠𝜃]
 
 
 
 
 

 

 

The initial and final states occur under static conditions where the arm is at a 

stable state. The initial displacements of the system can be determined by 

solving Equation (3.50), considering that both the velocity and acceleration 

are zero, and that no torque is applied at the elbow joint while applying a 

certain external displacement. The initial displacements can be computed 

using Eq. (3.51)     
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In the same manner, the final displacements of the human arm can be 

determined under the same assumptions as the initial displacements, without 

considering the effect of external displacement. The final displacements can 

be computed using Eq. (3.52)  

 

 

[
 
 
 
 
𝑧1

𝑧2

𝑧3

𝑦1

𝜃 ]
 
 
 
 

0

=

[
 
 
 
 
 
 
 
 
 
𝑘1 + 𝑘2 −𝑘2 0 0 0
−𝑘2 𝑘2 + 𝑘3 −𝑘3 0 0

0 −𝑘3 𝑘3 + 𝑘4 0 −𝑘4𝐿𝑠𝑖𝑛𝜃

0 0 0 𝑘5 𝑘5𝐿𝑐𝑜𝑠𝜃

0 0 −𝑘4𝐿𝑠𝑖𝑛𝜃 𝑘5𝐿𝑐𝑜𝑠𝜃

(

 
 

𝑘𝑡 − 𝑘4𝐿
2(𝑐𝑜𝑠𝜃2

−𝑠𝑖𝑛𝜃2 + 𝑘5𝐿
2

(𝑐𝑜𝑠𝜃2 − 𝑠𝑖𝑛𝜃2)

−𝑚3𝑔𝐿𝑔𝑠𝑖𝑛𝜃 )

 
 

]
 
 
 
 
 
 
 
 
 

[
 
 
 
 
 

𝑐1𝑧0̇ + 𝑘1𝑧0

0
−𝑘4𝐿𝑠𝑖𝑛𝜃

−𝑚3𝑔 − 𝑘5𝐿𝑠𝑖𝑛𝜃

−𝑘𝑡𝜃 + 𝑘4𝐿
2𝑠𝑖𝑛𝜃𝑐𝑜𝑠𝜃 − 𝑘5𝐿

2𝑠𝑖𝑛𝜃𝑐𝑜𝑠𝜃 − 𝑚3𝑔𝐿𝑔𝑐𝑜𝑠𝜃]
 
 
 
 
 

   (3.51)   

−1
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[
 
 
 
 
𝑧1

𝑧2

𝑧3

𝑦1

𝜃 ]
 
 
 
 

𝑓

=

[
 
 
 
 
 
 
 
 
 
𝑘1 + 𝑘2 −𝑘2 0 0 0
−𝑘2 𝑘2 + 𝑘3 −𝑘3 0 0

0 −𝑘3 𝑘3 + 𝑘4 0 −𝑘4𝐿𝑠𝑖𝑛𝜃

0 0 0 𝑘5 𝑘5𝐿𝑐𝑜𝑠𝜃

0 0 −𝑘4𝐿𝑠𝑖𝑛𝜃 𝑘5𝐿𝑐𝑜𝑠𝜃

(

 
 

𝑘𝑡 − 𝑘4𝐿
2(𝑐𝑜𝑠𝜃2

−𝑠𝑖𝑛𝜃2 + 𝑘5𝐿
2

(𝑐𝑜𝑠𝜃2 − 𝑠𝑖𝑛𝜃2)

−𝑚3𝑔𝐿𝑔𝑠𝑖𝑛𝜃 )

 
 

]
 
 
 
 
 
 
 
 
 

[
 
 
 
 
 

0
0

−𝑘4𝐿𝑠𝑖𝑛𝜃

−𝑚3𝑔 − 𝑘5𝐿𝑠𝑖𝑛𝜃

−𝑘𝑡𝜃̃ + 𝑘4𝐿
2𝑠𝑖𝑛𝜃𝑐𝑜𝑠𝜃 − 𝑘5𝐿

2𝑠𝑖𝑛𝜃𝑐𝑜𝑠𝜃 − 𝑚3𝑔𝐿𝑔𝑐𝑜𝑠𝜃]
 
 
 
 
 

         (3.52)

−1

 

3.4 Optimization 

Optimization is a fundamental concept in many branches of science and 

engineering. It aims to find the best possible solution to a given problem 

within a set of constraints or conditions. Optimization techniques rely on 

mathematical models that describe the relationship between variables and use 

various algorithms to find the optimal solution. Given its critical significance, 

optimization has become a vital component of decision-making in complex 

systems, playing a key role in enhancing performance, minimizing waste, and 

boosting efficiency. The Lagrange multiplier technique is utilized to reduce 

the objective function while accommodating constraints related to system 

parameters. To achieve this, the linear model of the human arm (Eq. (3.50)) 

is propagated numerically from the equilibrium position using estimated 
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system parameters. The overshooting and settling time characteristics are 

evaluated after integrating the system using MATLAB program. In this study, 

we plan to optimize the system's parameters (masses, spring stiffness, and 

damper coefficients) while achieving the desired overshooting and settling 

time as illustrated in Table (3.1). In order to solve this optimization problem 

using the method of Lagrange multipliers, the objective function is defined as 

follows[44] 

𝑓(𝑥) = ∑(𝑂𝑆𝑖 − 𝑂𝑆𝑖,𝑑𝑒𝑠𝑖𝑟𝑒𝑑)
2

5

𝑖=1

+ (𝑡𝑠,𝑖 − 𝑡𝑠,𝑖,𝑑𝑒𝑠𝑖𝑟𝑒𝑑)
2
                           (3.53)  

The human arm operates as a complex biomechanical structure, including 

multiple degrees of freedom (DOF) due to its diverse joints (shoulder, elbow, 

wrist) and muscles. In the arm, the damping ratio for each part is based on 

various factors such as mechanical and material properties of the joints and 

tissues. Therefore, knowing the human arm damping ratios is not simple and 

needs experimental information. However, it simply possible to perform the 

human arm system by improving the overshooting and reducing the settling 

time. Table (3.1) presents the desired overshooting and settling time 

parameterizes. 

Table 3.1: The desired overshooting and settling time values 

Response parameter Constraints 

Settling Time, ts (s) < 0.1 sec 

Overshooting 

(100%), os 
< 15 % 

 

To apply the proposed optimization method, the Lagrangian function can be 

expressed as 
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ℶ(𝑥, 𝜆1, 𝜆2, 𝜆3, 𝜆4, 𝜆5, 𝜆6, 𝜆7, 𝜆8, 𝜆9, 𝜆10, 𝜆11, 𝜆12, 𝜆13, 𝜆14, 𝜆15)

= 𝑓(𝑥) − ∑𝜆𝑗

15

𝑗=1

𝑔𝑗(𝑥)                                                           (3.54) 

Where x is the vector of the optimal parameters 

(𝑚1,𝑚2,𝑚3, 𝑘1, 𝑘2, 𝑘3, 𝑘4, 𝑘5, 𝑘𝑡 , 𝑐1, 𝑐2, 𝑐3, 𝑐4, 𝑐5, 𝑐𝑡) , 𝑓(𝑥)and 𝑔𝑗(𝑥)  are the 

objective and constraints functions, respectively, and 𝜆𝑗 are Lagrangian 

multipliers required to satisfy the optimization . 

Figure (3.3) represents the flow chart of the optimization. 

 

 

 

                                 Estimated the Initial System Parameterk1, k2, k3, k4, 

k5, kt, c1, c2, c3, c4, c5, ct, m1, m2, m3 

 

                                         Matrices M, C, and K are evaluated                    f-minicon  

 

Evaluate Objective function (Overshoot & Settling time) 

 

𝑓(𝑥) = ∑(𝑂𝑆𝑖 − 𝑂𝑆𝑖,𝑑𝑒𝑠𝑖𝑟𝑒𝑑)
2

5

𝑖=1

+ (𝑡𝑠,𝑖 − 𝑡𝑠,𝑖,𝑑𝑒𝑠𝑖𝑟𝑒𝑑)
2
 

 

cost function ≈0 

 

 

Achieve Desired System Parameters 

 

 

Figure (3.3):Flow chart of the optimization 

Optimization 
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Thus, the optimization algorithm relying on the Lagrangian multipliers 

method can effectively stabilize the human arm model while ensuring a faster 

settling time and low overshoot under nominal conditions. However, it is 

unlikely that the human model will only encounter nominal conditions 

without experiencing severe off-nominal conditions. Hence, the optimal 

system parameters that were computed under the nominal conditions will be 

used to evaluate the system performance while exhibiting the off-nominal 

conditions (𝑧0̇ = 0, 𝑧0 = 5 𝑐𝑚 and 𝑧0̇ = 0 , 𝑧0 = 25 𝑐𝑚 ). 

 

3.5 Summary 

This chapter outlined the mathematical representation of the human 

arm model and demonstrated how this model specifies the parameters for real-

world applications. As mentioned, the human arm model is considered a 

mathematical model that consists of a differential equation of mechanical 

motion. This modelling will facilitate the straightforward design and 

examination of the human arm model. 
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Chapter Four:  Control System 

4.1 Introduction 

In this chapter, an investigation through simulation of the control of a 

human arm exoskeleton is presented. Control systems are one of the most 

important fields of modern engineering, as they regulate the behavior of 

mechanical systems and make them operate according to the required 

objectives. The control principle works by comparing actual outputs with 

reference values and adjusting inputs to achieve optimal system performance. 

Through control science, system stability is improved, errors are reduced, 

response speed is increased, and vibrations are reduced. This chapter includes 

two main aspects. The first aspect presents the analytical methodology used 

to compute the reference elbow torque, while the second aspect focuses on 

numerical simulations with different initial conditions and system parameters 

using then Monte Carlo simulation technique to validate the proposed 

algorithm[45]. 

4.2 Analytical Methodology 

After deriving the model of the human arm, linearizing the nonlinear 

equations of motion at a specific operating point, and representing the model 

in matrix form [M, C, K, F], it becomes possible to design the elbow torque 

required to guide the human arm exoskeleton toward the desired steady state 

in a smooth manner as shown in equation (4.1) 
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{
 
 
 
 
 
 
 

 
 
 
 
 
 
 

𝑚1𝑧1̈ + (𝑐1 + 𝑐2)𝑧1̇ − 𝑐2𝑧2̇ + (𝑘1 + 𝑘2)𝑧1 − 𝑘2𝑧2 = 𝑐1𝑧0̇ + 𝑘1𝑧0          (1)

𝑚2𝑧2̈ + (𝑐2 + 𝑐3)𝑧2̇ − 𝑐2𝑧1̇ − 𝑐3𝑧3̇ + (𝑘2 + 𝑘3)𝑧2 − 𝑘2𝑧1 − 𝑘3𝑧3 = 0 (2)

𝑚3[𝑧3̈ − 𝐿𝑔𝑠𝑖𝑛𝜃𝜃]̈ + (𝑐3 + 𝑐4)𝑧3̇ − 𝑐3𝑧2̇ − 𝑐4𝐿𝑠𝑖𝑛𝜃𝜃̇

+(𝑘3 + 𝑘4)𝑧3 − 𝑘3𝑧2 + 𝑘4𝐿(𝑐𝑜𝑠𝜃 − 𝑠𝑖𝑛𝜃𝜃)0 = 0                                     (3)

𝑚3[𝑦1̈ + 𝐿𝑔𝑐𝑜𝑠𝜃𝜃̈ + 𝑔] + 𝑐5[𝑦1̇ + 𝐿𝑐𝑜𝑠𝜃𝜃̇]  +

𝑘5[𝑦1 + 𝐿(𝜃𝑐𝑜𝑠𝜃 + 𝑠𝑖𝑛𝜃)] = 0                                                                       (4)

(𝐽 + 𝑚3𝐿𝑔
2)𝜃̈ + 𝑚3𝐿𝑔[−𝑠𝑖𝑛𝜃𝑧3̈ + 𝑐𝑜𝑠𝜃𝑦1̈]

+ 𝑐𝑡𝜃̇ − 𝑐4𝐿𝑠𝑖𝑛𝜃[𝑧3̇ − 𝐿𝑠𝑖𝑛𝜃𝜃̇]

+𝑐5 𝐿 𝑐𝑜𝑠𝜃  [𝑦1̇ + 𝐿𝑐𝑜𝑠𝜃𝜃̇] + 𝑘𝑡(𝜃 + 𝜃)

−𝑘4 𝐿(𝜃𝑐𝑜𝑠𝜃 + 𝑠𝑖𝑛𝜃)[𝑧3 + 𝐿(𝑐𝑜𝑠𝜃 − 𝜃𝑠𝑖𝑛𝜃)]

+𝑘5 𝐿(𝑐𝑜𝑠𝜃 − 𝜃𝑠𝑖𝑛𝜃)[𝑦1 + 𝐿(𝜃𝑐𝑜𝑠𝜃 + 𝑠𝑖𝑛𝜃)] + 𝑚3𝑔𝐿𝑔(𝑐𝑜𝑠𝜃 − 𝜃𝑠𝑖𝑛𝜃)

= 𝑇𝑟𝑒𝑓                                                                                                                  (5) }
 
 
 
 
 
 
 

 
 
 
 
 
 
 

(4.1)                                                             

The arm equations can be formulated as a matrix representation where the 

mass, damping, and stiffness matrices are included as shown in Equation 

(4.2). 
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An analytical controller has been utilized to direct the exoskeleton following 

the desired reference trajectories. The reference trajectories of the system’s 

displacements are shaped using five eight-term exponential functions, with 

one function designated for each displacement. Hence, the reference hand, 

forearm, horizontal elbow, vertical elbow, and elbow angular displacements, 

can be expressed in Eqs. (4.3), (4.4), (4.5), (4.6) and (4.7), respectively. Where 

each of Equation consists of eight coefficients, eight boundary conditions 

[
 
 
 
 
 
𝑚1 0 0 0 0
0 𝑚2 0 0 0

0 0 𝑚3 0 −𝐿𝑔𝑚3𝑠𝑖𝑛𝜃

0 0 0 𝑚3 𝐿𝑔𝑚3𝑐𝑜𝑠𝜃

0 0 −𝐿𝑔𝑚3𝑠𝑖𝑛𝜃 𝐿𝑔𝑚3𝑐𝑜𝑠𝜃 𝐽 + 𝐿𝑔
2𝑚3 ]

 
 
 
 
 

[
 
 
 
 
𝑧1̈

𝑧2̈

𝑧3̈

𝑦1̈

𝜃̈ ]
 
 
 
 

+

[
 
 
 
 
 
 
𝑐1 + 𝑐2 −𝑐2 0 0 0
−𝑐2 𝑐2 + 𝑐3 −𝑐3 0 0

0 −𝑐3 𝑐3 + 𝑐4 0 −𝑐4𝐿𝑠𝑖𝑛𝜃

0 0 0 𝑐5 𝑐5𝐿𝑐𝑜𝑠𝜃

0 0 −𝑐4𝐿𝑠𝑖𝑛𝜃 𝑐5𝐿𝑐𝑜𝑠𝜃 (
𝑐𝑡 + 𝑐4𝐿

2𝑠𝑖𝑛𝜃2

+𝑐5𝐿
2𝑐𝑜𝑠𝜃2

)
]
 
 
 
 
 
 

[
 
 
 
 
𝑧1̇

𝑧2̇

𝑧3̇

𝑦1̇

𝜃̇ ]
 
 
 
 

+

[
 
 
 
 
 
 
 
 
 
𝑘1 + 𝑘2 −𝑘2 0 0 0
−𝑘2 𝑘2 + 𝑘3 −𝑘3 0 0

0 −𝑘3 𝑘3 + 𝑘4 0 −𝑘4𝐿𝑠𝑖𝑛𝜃

0 0 0 𝑘5 𝑘5𝐿𝑐𝑜𝑠𝜃

0 0 −𝑘4𝐿𝑠𝑖𝑛𝜃 𝑘5𝐿𝑐𝑜𝑠𝜃

(

 
 

𝑘𝑡 − 𝑘4𝐿
2(𝑐𝑜𝑠𝜃2

−𝑠𝑖𝑛𝜃2 + 𝑘5𝐿
2

(𝑐𝑜𝑠𝜃2 − 𝑠𝑖𝑛𝜃2)

−𝑚3𝑔𝐿𝑔𝑠𝑖𝑛𝜃 )

 
 

]
 
 
 
 
 
 
 
 
 

[
 
 
 
 
𝑧1

𝑧2

𝑧3

𝑦1

𝜃 ]
 
 
 
 

=

[
 
 
 
 
 

𝑐1𝑧0̇ + 𝑘1𝑧0

0
−𝑘4𝐿𝑠𝑖𝑛𝜃

−𝑚3𝑔 − 𝑘5𝐿𝑠𝑖𝑛𝜃

(−𝑘𝑡𝜃̃ + 𝑘4𝐿
2𝑠𝑖𝑛𝜃𝑐𝑜𝑠𝜃 − 𝑘5𝐿

2𝑠𝑖𝑛𝜃𝑐𝑜𝑠𝜃 − 𝑚3𝑔𝐿𝑔𝑐𝑜𝑠𝜃) + 𝑇𝑟𝑒𝑓]
 
 
 
 
 

    (4.2) 
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must be imposed to solve for these coefficients. To perform this task, the 

initial, final, and intermediate displacements and velocities are used to 

generate the system’s references while ensuring a fast response with no 

overshoot. 

𝑧1𝑟𝑒𝑓 = ∑ 𝐴𝑛 exp(−1.5𝑛𝑡)

8

𝑛=1

                                                                           (4.3) 

For the hand segment, four pairs of displacement: (0, z10), (1,z1f), (0.35,z1f), 

and (0.65, z1f), and four pairs of velocities: (0, 𝑧̇10), (1, 𝑧̇1𝑓),

(0.35, 𝑧̇1𝑓), and (0.65, 𝑧̇1𝑓) are significantly required at the initial, final, and 

intermediate states to compute the eight hand coefficients (A1, A2, A3, A4, A5, 

A6, A7, and A8). 

𝑧2ref = ∑ 𝐵𝑛 exp(−1.5𝑛𝑡)

8

𝑛=1

                                                                            (4.4) 

For the forearm segment, four pairs of displacement: (0, z20), (1,z2f), (0.35,z2f), 

and (0.65, z2f), and four pairs of velocities: (0, 𝑧̇20), (1, 𝑧̇2𝑓),

(0.35, 𝑧̇2𝑓), and (0.65, 𝑧̇2𝑓) are significantly required at the initial, final, and 

intermediate states to compute the eight forearm coefficients (B1, B2, B3, B4, 

B5, B6, B7, and B8). 

 

𝑧3𝑟𝑒𝑓 = ∑ 𝐶𝑛 exp(−1.5𝑛𝑡)

8

𝑛=1

                                                                            (4.5) 

For the horizontal elbow segment, four pairs of displacement: (0, z30), (1,z3f), 

(0.35,z3f), and (0.65, z3f), and four pairs of velocities: (0, 𝑧̇30), (1, 𝑧̇3𝑓),

(0.35, 𝑧̇3𝑓), and (0.65, 𝑧̇3𝑓) are significantly required at the initial, final, and 
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intermediate states to compute the eight horizontal elbow coefficients (C1, C2, 

C3, C4, C5, C6, C7, and C8). 

𝑦1𝑟𝑒𝑓 = ∑ 𝐷𝑛 exp(−1.5𝑛𝑡)

8

𝑛=1

                                                                            (4.6) 

For the vertical elbow segment, four pairs of displacement: (0, y10), (1,y1f), 

(0.35,y1f), and (0.65, y1f), and four pairs of velocities: (0, 𝑦̇10), (1, 𝑦̇1𝑓),

(0.35, 𝑦̇1𝑓), and (0.65, 𝑦̇1𝑓) are significantly required at the initial, final, and 

intermediate states to compute the eight vertical elbow coefficients (D1, D2, 

D3, D4, D5, D6, D7, and D8). 

𝛳𝑟𝑒𝑓 = ∑ 𝐸𝑛 exp(−0.5𝑛𝑡)

8

𝑛=1

                                                                             (4.7) 

For the elbow angular segment, four pairs of displacement: (0, 𝛳 0), (1, 𝛳 f), 

(0.35, 𝛳 f), and (0.65, 𝛳 f), and four pairs of velocities: (0, 𝛳̇0), (1, 𝛳̇𝑓),

(0.35, 𝛳̇𝑓), and (0.65, 𝛳̇𝑓) are significantly required at the initial, final, and 

intermediate states to compute the eight elbow angular coefficients (E1, E2, E3, 

E4, E5, E6, E7, and E8). 

Once computing the system’s coefficients that define Eqs. (4.3), (4.4), (4.5), 

(4.6) and (4.7), the first time derivative of Eqs. (4.3), (4.4), (4.5), (4.6) and 

(4.7), and the second time derivative of Eqs. (4.3), (4.4), (4.5), (4.6) and (4.7), 

it becomes straightforward to find the system’s reference states and reference 

input. 

𝑧̇1𝑟𝑒𝑓 = −1.5 ∑ 𝑛𝐴𝑛

8

𝑛=1

exp(−1.5𝑛𝑡)                                                               (4.8) 

𝑧̈1𝑟𝑒𝑓 = +2.25∑ 𝑛2

8

𝑛=1

𝐴𝑛 exp(−1.5𝑛𝑡)                                                          (4.9) 
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𝑧̇2𝑟𝑒𝑓 = −1.5∑ 𝑛𝐵𝑛

8

𝑛=1

exp(−1.5𝑛𝑡)                                                             (4.10) 

𝑧̈2𝑟𝑒𝑓 = +2.25∑ 𝑛2

8

𝑛=1

𝐵𝑛 exp(−1.5𝑛𝑡)                                                       (4.11) 

𝑧̇3𝑟𝑒𝑓 = −1.5∑ 𝑛𝐶𝑛

8

𝑛=1

exp(−1.5𝑛𝑡)                                                             (4.12) 

𝑧̈3𝑟𝑒𝑓 = +2.25∑ 𝑛2

8

𝑛=1

𝐶𝑛 exp(−1.5𝑛𝑡)                                                       (4.13) 

𝑦̇1𝑟𝑒𝑓 = −1.5∑ 𝑛𝐷𝑛

8

𝑛=1

exp(−1.5𝑛𝑡)                                                            (4.14) 

𝑦̈1𝑟𝑒𝑓 = +2.25∑ 𝑛2

8

𝑛=1

𝐷𝑛 exp(−1.5𝑛𝑡)                                                       (4.15) 

𝜃̇𝑟𝑒𝑓 = −0.5 ∑ 𝑛𝐸𝑛

8

𝑛=1

exp(−1.5𝑛𝑡)                                                             (4.16) 

𝜃̈𝑟𝑒𝑓 = +0.25∑ 𝑛2

8

𝑛=1

𝐸𝑛 exp(−1.5𝑛𝑡)                                                       (4.17) 

 It is important to solve Eq. (4.2) in terms of the elbow torque to obtain 
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𝑇𝑟𝑒𝑓 = −𝑧3̈ 𝐿𝑔𝑚3𝑠𝑖𝑛𝜃 + 𝑦1̈𝐿𝑔𝑚3𝑐𝑜𝑠𝜃 + (𝐽 + 𝐿𝑔
2𝑚3)𝜃̈ −

𝑐4𝐿𝑠𝑖𝑛𝜃𝑧3̇ + 𝑐5𝐿𝑐𝑜𝑠𝜃𝑦1̇ + (𝑐𝑡 + 𝑐4𝐿
2𝑠𝑖𝑛𝜃2 + 𝑐5𝐿

2𝑐𝑜𝑠𝜃2)𝜃̇ −

𝑘4𝐿𝑠𝑖𝑛𝜃𝑧3 + 𝑘5𝐿𝑐𝑜𝑠𝜃𝑦1 + (𝑘𝑡 − 𝑘4𝐿
2(𝑐𝑜𝑠𝜃2 − 𝑠𝑖𝑛𝜃2) +

𝑘5𝐿
2(𝑐𝑜𝑠𝜃2 − 𝑠𝑖𝑛𝜃2) − 𝑚3𝑔𝐿𝑔𝑠𝑖𝑛𝜃)𝜃 + 𝑘𝑡𝜃̃ −

𝑘4𝐿
2𝑠𝑖𝑛𝜃𝑐𝑜𝑠𝜃 + 𝑘5𝐿

2𝑠𝑖𝑛𝜃𝑐𝑜𝑠𝜃 + 𝑚3𝑔𝐿𝑔𝑐𝑜𝑠𝜃                          (4.18) 

 

Thus, substitute Eqs. (4.3), (4.4), (4.5), (4.6) and (4.7), and the first and second 

time derivatives of Eqs. (4.3), (4.4), (4.5), (4.6) and (4.7) into Eq. (4.18) to 

determine the reference elbow torque required by the patient to achieve the 

desired movement.  
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𝑇𝑟𝑒𝑓 = −2.25∑ 𝑛2𝐶𝑛 exp(−1.5𝑛𝑡)

8

𝑛=1

𝐿𝑔𝑚3𝑠𝑖𝑛𝜃

+ 2.25∑ 𝑛2𝐷𝑛 exp(−1.5𝑛𝑡)

8

𝑛=1

𝐿𝑔𝑚3𝑐𝑜𝑠𝜃

+ 0.25(𝐽 + 𝐿𝑔
2𝑚3)∑ 𝑛2𝐸𝑛 exp(−0.5𝑛𝑡)

8

𝑛=1

+ 1.5𝑐4𝐿𝑠𝑖𝑛𝜃 ∑ 𝑛𝐶𝑛 exp(−1.5𝑛𝑡)

8

𝑛=1

− 1.5𝑐5𝐿𝑐𝑜𝑠𝜃 ∑ 𝑛𝐷𝑛 exp(−1.5𝑛𝑡)

8

𝑛=1

− 0.5(𝑐𝑡 + 𝑐4𝐿
2𝑠𝑖𝑛𝜃2

+ 𝑐5𝐿
2𝑐𝑜𝑠𝜃2)∑ 𝑛𝐸𝑛 exp(−0.5𝑛𝑡)

8

𝑛=1

                  (4.19)

− 𝑘4𝐿𝑠𝑖𝑛𝜃 ∑ 𝐶𝑛 exp(−1.5𝑛𝑡)

8

𝑛=1

+ 𝑘5𝐿𝑐𝑜𝑠𝜃 ∑ 𝐷𝑛 exp(−1.5𝑛𝑡)

8

𝑛=1

+ (𝑘𝑡 − 𝑘4𝐿
2(𝑐𝑜𝑠𝜃2 − 𝑠𝑖𝑛𝜃2)

+ 𝑘5𝐿
2(𝑐𝑜𝑠𝜃2 − 𝑠𝑖𝑛𝜃2)

− 𝑚3𝑔𝐿𝑔𝑠𝑖𝑛𝜃) ∑ 𝐸𝑛 exp(−0.5𝑛𝑡)

8

𝑛=1

+ 𝑘𝑡𝜃

− 𝑘4𝐿
2𝑠𝑖𝑛𝜃𝑐𝑜𝑠𝜃 + 𝑘5𝐿

2𝑠𝑖𝑛𝜃𝑐𝑜𝑠𝜃 + 𝑚3𝑔𝐿𝑔𝑐𝑜𝑠𝜃    
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4.3 Monte Carlo Simulation 

Monte Carlo simulation is one of the most important numerical 

methods used to analyze complex systems that contain random elements. It 

generates a large number of random values within a specific range of variables 

affecting the system and re-executes the model multiple times to study the 

behavior of the outputs and predict their probability distribution. The idea of 

Monte Carlo is based on the fact that random repetition of numerical 

experiments allows for estimating the expected values of variables and 

calculating performance indicators such as the probability distribution of 

error. The greater the number of repetitions in the simulation, the more 

accurate the results become and the closer they become to the actual behavior 

of the system. Thus, Monte Carlo provides an effective method for analyzing 

dynamic systems. Monte Carlo simulation can be represented as the equation   

(4.20)[46]. 

 

𝑥̅ =
1

𝑛
∑𝑓(𝑥𝑖)

𝑛

𝑖=1

                                                                                                  (4.20) 

 

Where 𝑥̅: Statistical estimation of output 

𝑛: Number of repetitions 

𝑓(𝑥𝑖): model output function  

𝑥𝑖: random input variables 

In the introduced approach and in order to encompass a wide range of patient 

parameters, the Monte Carlo simulation method is conducted considering 

1000 patients with variations in hand, forearm, and upper-arm masses, 

segment lengths, arm stiffness, and damping coefficients. These dispersions 
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are modelled as random variations, with ( 6%)−
+  added relative to the nominal 

conditions of each parameter to consider whether the rehabilitated arm 

belongs to a man, a woman, or a child. Figure (4.1) shows the complete 

Simulink model of the human arm. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure (4.1): Simulink model of the human arm 
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4.4 Summary 

In this chapter, eight-term exponential functions were used to describe 

the reference paths of the system displacements based on the initial, final, and 

intermediate conditions. The displacement, velocity, and acceleration were 

calculated, and thus the required elbow torque was calculated. Monte Carlo 

simulations were also performed under variable and random conditions. 
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Chapter Five: Results and Discussion 

5.1 Introduction  

In this chapter, the results will be presented and discussed for both the 

theoretical and numerical solutions presented in chapters three and four. This 

chapter includes four sections: The first section compares the linear and 

nonlinear simulations for small oscillations using  MATLAB, the second 

section is obtaining the optimization and extracting the 15 optimal parameters 

of the system, human arm responses vs. time for three input values, the third 

section is obtaining the reference elbow torque computed analytically using 

the predefined reference displacement profiles and finally, numerical 

simulations with different initial conditions and system parameters using 

Monte Carlo simulation technique are adopted to confirm the presented 

algorithm.  

 5.2 Linear &nonlinear responses 

Figures (5.1-5.5) illustrate the displacement responses of various 

segments of a human arm (hand, forearm, and elbow), considering both linear 

and nonlinear simulations. The system with both seniors oscillates to ensure 

similar underdamped patterns before stabilizing at steady states. Figs. (5.1-

5.3) shows that the nonlinear hand, forearm, and elbow displacements exhibit 

a slightly larger initial amplitude due to the nonlinear behavior in the transient 

phase. Then, the simulations are satisfactorily matched, indicating successful 

linearization. On the other hand, as shown in Figs. (5.4-5.5), the nonlinear 

angular and vertical displacements of the elbow don’t track the linear 

simulations as they should due to a significant role of the nonlinearity in the 

elbow joint.  However, these differences in simulations might not be 

detrimental to creating an appropriate linear model, which can then be used to 
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compute the system response using the Lagrangian Optimization Method. The 

overshooting and settling time characteristics are evaluated after integrating 

the system using the MATLAB program. In this study, we plan to optimize 

the system's parameters (masses, spring stiffness, and damper coefficients) 

while achieving the desired overshooting and settling time as illustrated in 

Table 5-1. The objective function is defined as follows. 

 

Table (5-1) The desired overshooting and settling time values 

 Response Parameters Constraints 

1 Settling time ts (s) < 0.1 sec 

2 Overshooting (100%), os < 15 % 
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Figure 5.1: Time response of human hand displacement  

 

Figure 5.2: Time response of  human forearm displacement  
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Figure 5.3: Time response of  human elbow displacement  

 

Figure 5.4: Time response of  vertical elbow displacement  
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Figure 5.5: Time response of elbow angular displacement  

5.3 Optimization 

Figures (5.6a -5.6e) show a 3D representation of iterations, stiffness 

vector, and objective function during the optimization of human arm stiffness 

(k1-kt), respectively, under the nominal conditions (𝑧0̇= 0, z0 =15 cm). The 

objective function surface evolves rapidly from a cost function value of 500 

(dark red) to a small value (light blue), then gradually captures nearly zero 

(dark blue). As we can see from Fig. (5.6) that quadratic objective function 

convergences as the iterations increase fulfilling the optimal stiffness values. 

Likewise, Figs. (5.7a-5.7e) and Figs. (5.8a-5.8c) present a 3D plot of iterations 

vs. damper vector vs. objective function and a 3D plot of iterations vs. mass 

vector vs. objective function in the optimization of human arm dampers (c1-

ct) and masses (m1-m3), respectively. Following the same way as Fig. (5.6), 
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the Lagrangian multipliers method is used in Figs. (5.7) and (5.8) can 

successfully minimize the proposed objective function to approach the target 

values while involving the system parameters constraints. Thus, the 

optimization algorithm relying on the Lagrangian multipliers method can 

effectively stabilize the human arm model while ensuring a faster settling time 

and low overshoot under nominal conditions. However, it is unlikely that the 

human model will only encounter nominal conditions without experiencing 

severe off-nominal conditions. Hence, the optimal system parameters that 

were computed under the nominal conditions will be used to evaluate the 

system performance while exhibiting the off-nominal conditions(𝑧0̇ = 0, z0 = 

5 cm and  𝑧0̇ = 0, z0 = 25 cm). 
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Fig 5.6: 3D objective function surface used to optimize the human arm stiffness; (a) 

stiffness (k1); (b) stiffness (k2); (c) stiffness (k3); (d) stiffness (k4); (e) stiffness (k5); (f) 

stiffness (kt).  
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Fig 5.7: 3D objective function surface using to optimize the human arm dampers; 

(a) damper (c1); (b) damper (c2);  (c) damper (c3); (d) damper (c4); (e) damper (c5); 

(f) damper (ct) 
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Fig 5.8: 3D objective function surface used to optimize the human arm 

masses;(a) hand mass (m1); (b) forearm mass (m2); (c) elbow mass (m3) 

 

Table (5-2) lists the system response characteristics for various system inputs. 

Table (5-2) shows that all the results are acceptable and do not exceed the 

system's constraints, resulting in good system performance. 

                 

Table(5.2): Optimal value of parameter 

No. Parameter Value Unit 

1 𝑘1 27516.8906775296 

 

𝑁/𝑚 

2 𝑘2 49795.0379601206 𝑁/𝑚 
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3 𝑘3 266021.573689695 

 

𝑁/𝑚 

4 𝑘4 7975.69428129992 

 

𝑁/𝑚 

5 𝑘5 23469.7046188023 

 

𝑁/𝑚 

6 𝑘𝑡 5273.95576943902 

 

𝑁.𝑚/𝑟𝑎𝑑 

7 𝑐1 7.83758878839669 𝑁. 𝑠/𝑚 

8 𝑐2 117.817750777104 

 

𝑁. 𝑠/𝑚 

9 𝑐3 775.950122973788 

 

𝑁. 𝑠/𝑚 

10 𝑐4 418.050550772001 

 

𝑁. 𝑠/𝑚 

11 𝑐5 663.039914042647 

 

𝑁. 𝑠/𝑚 

12 𝑐𝑡 80.4027185256979 

 

𝑁.𝑚. 𝑠/𝑟𝑎𝑑 

13 𝑚1 0.422425504229020 

 

𝑘𝑔 

14 𝑚2 1.19591727632143 

 

𝑘𝑔 

15 𝑚3 1.80742406776379 

 

𝑘𝑔 

 

Thus, the optimization algorithm relying on the Lagrangian multipliers 

method can effectively stabilize the human arm model while ensuring a faster 

settling time and low overshoot under nominal conditions. However, it is 
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unlikely that the human model will only encounter nominal conditions 

without experiencing severe off-nominal conditions. Hence, the optimal 

system parameters that were computed under the nominal conditions will be 

used to evaluate the system performance while exhibiting the off-nominal 

conditions (𝑧0̇ = 0, z0 = 5 cm and 𝑧0̇ = 0, z0 = 25 cm). 

Figures (5.9-5.13) present the human hand, forearm, horizontal elbow, 

vertical elbow, and elbow angular displacements vs. time, respectively, for 

three different input values. Figures (5.9-5.11) show decaying behavior of 

displacements; they start at higher initial values and decrease rapidly towards 

the desired values maintaining rapid settling time with a maximum value of 

(0.0352 s) and minimal overshoot with a maximum amount of(3.345%). On 

the other hand, as shown in Fig. (5.12), the vertical elbow displacement 

increases smoothly in the direction of the steady state vertical elbow without 

exceeding the proposed constraints of settling time (<0.1 s) and overshoot 

(<15%) Eventually, Fig. (5.13) illustrates that the elbow angle decreases 

gradually from the higher initial condition to the target value with 0.0904 s 

and 5.4% as the maximum settling time and the maximum overshot, 

respectively. 



Chapter Five                                                                  Results  and Discussion 

                          

 

66 

 

 

Figure 5.9: Hand displacement vs. time for three input values 

 

Figure 5.10: Forearm displacement vs. time for three input values 
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Figure 5.11: Horizontal elbow displacement vs. time for three input values 

 

Figure 5.12: Vertical elbow displacement vs. time for three input values 
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Figure 5.13: Elbow angular displacement vs. time for three input values 

Table 5.3 shows that all the results are acceptable and do not exceed the 

system’s constraints, resulting in good system performance. 

Table (5.3) System response characteristics 

 

No. 

 

State 

z0=5 cm z0=15 cm z0=25 cm 

Settling 

time (s) 

Overshoot 

100% 

Settling 

time (s) 

Overshoot 

100% 

Settling 

time (s) 

Overshoot 

100% 

1 Hand displacement 0.0335 0.6721 0.0342 2.0143 0.0352 3.3450 

2 Forearm displacement 0.0373 0.6224 0.0372 1.8666 0.0375 3.1428 

3 Elbow displacement 0.0382 0.5885 0.0383 1.7713 0.0385 2.9628 

4 
Vertical elbow 

displacement  
0.0563 3.4939 0.0581 9.4824 0.0563 14.4696 

5 elbow angle 0.0904 1.0778 0.0899 3.2331 0.0897 5.3905 
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5.4 Analytical Methodology 

Figures (5.14-5.19) display the reference hand displacement, forearm 

displacement, horizontal elbow displacement, vertical elbow displacement, 

elbow angular displacement, and elbow torque vs. time, respectively, under 

the nominal conditions for three excited displacements of (z0 = 5 cm, z0 = 15 

cm and z0 = 25 cm). The findings demonstrate that an increase in the excited 

displacement causes higher initial magnitudes of all the states due to a higher 

stored energy. Furthermore, the reference profiles indicate that the analytical 

controller is reliable and the reference displacement profiles  can be easily 

followed to capture the desired steady states even under varying initial 

displacements and system parameters, as will be discussed in the section that 

follows. 

  

 

 

 

 

 

 

 

Figure 5.14: Reference hand displacement vs. time under nominal conditions for 

three excited displacements 
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Figure 5.15: Reference forearm displacement vs. time under nominal conditions for 

three excited displacements 

 

 

 

 

 

 

 

 

 

 

Figure 5.16: Reference horizontal elbow displacement vs. time under nominal 

conditions for three excited displacements 
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Figure 5.17: Reference vertical elbow displacement vs. time under nominal 

conditions for three excited displacements 

 

 

 

 

 

 

 

 

 

 

 

Figure 5.18: Reference  elbow angular displacement vs. time under nominal 

conditions for three excited displacements 
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Figure 5.19:  Elbow torque vs. time under nominal conditions for three excited 

displacements 

Figures (5.20-5.24) show the reference hand, forearm, horizontal elbow, 

vertical elbow, and elbow angular profiles vs. time, respectively, under three 

different initial displacements of 5cm, 15 cm, and 25 cm, with the application 

of the proposed analytical controller. (5.21) and (5.22) indicate that the 

exoskeleton system is highly capable of tracking the reference displacements. 

While Figs. (5.20), (5.23) and (5.24) observe a well-suited agreement at the 

steady state phase with minor discrepancies at the start due to the stronger 

nonlinearity of the elbow angle. On the whole, the presented results denote 

the capability of the analytical control to guide the exoskeleton arm swiftly 

within 0.35 sec without necessitating any additional feedback elbow torque. 

The analytical solution showed accuracy in describing the dynamic behavior, 

and its results are consistent with the numerical simulation, confirming the 

validity of the mathematical model and its potential use in designing control 

systems. 
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Figure (5.20): Reference and simulated hand displacement versus time under 

nominal conditions for three excited displacements 

 

 

 

 

 

 

 

 

Figure (5.21): Reference and simulated forearm displacement versus time under 

nominal conditions for three excited displacements 
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Figure (5.22): Reference and simulated horizontal elbow displacement versus time 

under nominal conditions for three excited displacements 

 

Figure (5.23): Reference and simulated vertical elbow displacement versus time 

under nominal conditions for three excited displacements 
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Figure (5.24): Reference and simulated elbow angular displacement versus time 

under nominal conditions for three excited displacements 

5.5 Monte Carlo Simulation 

Figures (5.25-5.30) show histories of hand, forearm, horizontal elbow, 

vertical elbow, and elbow angular displacements errors and histories of the 

required elbow torque vs. time, respectively, for 1000 patients. Figures (5.25-

5.29) show that all the simulated displacement errors exhibit a fast decay 

during the first 0.25 sec and then the errors converge seamlessly to zero with 

no overshoot throughout the rest of the simulation. Finally, Figure (5.30) 

shows that the elbow torque profiles remain below the maximum permissible 

value (< 60 N.m), which reveals that the arm exoskeleton may reach the 

desired steady state with no chance of system damage. 
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Figure (5.25): 1000 Human arm exoskeleton’s histories versus time using analytical 

controller for hand displacement error versus time 

 

 

 

 

 

 

 

 

 

Figure (5.26): 1000 Human arm exoskeleton’s histories versus time using analytical 

controller for forearm displacement error versus time 
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Figure (5.27): 1000 Human arm exoskeleton’s histories versus time using analytical 

controller for horizontal elbow displacement error versus time 

 

Figure (5.28): 1000 Human arm exoskeleton’s histories versus time using analytical 

controller for vertical elbow displacement error versus time 
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Figure (5.29): 1000 Human arm exoskeleton’s histories versus time using analytical 

controller for elbow angular displacement error versus time 

 

Figure (5.30): 1000 Human arm exoskeleton’s histories versus time using analytical 

controller for elbow torque error versus time 
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Figures (5.31-5.36) show the statistical results of the hand displacement, 

forearm displacement, horizontal elbow displacement, vertical elbow 

displacement, and elbow angular displacement, and elbow torque errors, 

respectively, at the final position. It is observed from the Figures that the final 

errors exhibit very small values despite a broad range of dispersions in the 

initial conditions and system parameters.   

 

Figure (5.31): Statistics errors for the final hand displacement vs number of patients 
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Figure (5.32): Statistical errors for the final forearm displacement vs the number of 

patients 

 

 

 

 

 

 

 

 

Figure (5.33): Statistical errors for the final horizontal elbow displacement vs the 

number of patients 
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Figure (5.34): Statistical errors for the final vertical elbow displacement vs the 

number of patients 

 

 

 

 

 

 

 

 

Figure (5.35): Statistical errors for the final elbow angular displacement vs the 

number of patients 
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Figure (5.36): Statistical errors for the final elbow torque displacement vs the 

number of patients 

5.6 Summary 

This chapter has presented the steps for the linear and nonlinear 

responses. The linearization process can be applied to nonlinear state-variable 

equations to displacement responses of various segments of the human arm 

(hand, forearm, and elbow). It is also demonstrated how optimization of 

human arm stiffness, that is, the process of making something as effective, 

functional, or perfect as possible within given constraints. Monte Carlo 

Simulation has been proposed. It is a computational method that uses repeated 

random sampling to model a system's potential outcomes and analyze 

uncertainty, particularly useful in complex or unpredictable processes. By 

running a model thousands of times with randomly selected input variables, it 

generates a probability distribution of possible results, helping to forecast 
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future scenarios, histories of hand, forearm, horizontal elbow, vertical elbow, 

and elbow angular displacement errors, and histories of the required elbow 

torque vs. time. The results have shown that all the simulated displacement 

errors exhibit a fast decay during the first 0.25 sec, and then the errors 

converge seamlessly to zero with no overshoot throughout the rest of the 

simulation. 
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Chapter Six: Conclusions and Recommendations 

6.1. Conclusion: 

The purposed tequnch successfully identified of the optimal parameters 

for (5-Dof) artificial arm using Lagrangian multipliers method achieving rapid 

response (0.25) second with no overshoot across 1000 simulated cases. From 

the following conclusions can be drawn: 

1. The Lagrangian multipliers optimization method demonstrated a high 

capability in accurately estimating the arm parameters, including masses, 

damping coefficients, and stiffness, while ensuring a short settling time and 

minimum overshoot. Even under relatively large initial displacements, the 

hand, forearm, and elbow responses converged rapidly to their desired values, 

achieving a settling time of no more than 0.0385 s and an overshoot limited 

to 3.345%. 

2. The vertical displacement of the elbow exhibited a smooth and stable 

response toward its steady-state position, while preserving fast convergence. 

The maximum settling time did not exceed 0.0581 s, and the overshoot 

remained within an acceptable upper bound of 14.45%. 

3. Overall, these results confirm the effectiveness of the proposed control 

strategy, which is based on eight-term exponential functions for generating 

analytical reference trajectories of the system displacements. By incorporating 

the excited displacement along with the initial, intermediate, and final 

boundary conditions, the eight-term analytical expressions were linearly 

solved to derive the required analytical elbow torque, enabling the arm 

exoskeleton to move smoothly from the initial state to the desired steady-state 

configuration. 
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4. One of the more significant findings to emerge from this study is that 

numerical simulations with different initial conditions and system parameters 

were implemented to confirm the presented algorithm. A wide range of 

dispersions of hand, forearm, and upper-arm masses, segment lengths, arm 

stiffness, and damping coefficients with ( 6%)−
+  added to the nominal 

conditions have been conducted. 

5. The results revealed rapid convergence, ensuring steady state within 0.25 

sec and zero overshoot in both system displacements and elbow torque 

without requiring any further feedback elbow torque. 

6. In addition, the statistical results illustrated that the steady-state errors 

remained very small with a maximum error of (4×10−3) deg in the elbow 

angle, a minimum error of (−1×10−5) m in the vertical elbow displacement, 

and a minimum elbow torque error as small as (-0.4) N.m even across 1000 

patients. 

6.2 Recommendation for future work                                                         

This thesis has developed to find the torque that must be applied to a 

five-degree-of-freedom artificial human arm to control the system's efficiency 

and motion response. Although the desired human arm functions have been 

achieved, further improvement could be made, and new capabilities could be 

developed in the future. 

1. The mathematical model can be expanded to include additional degrees of 

freedom. 

2. Other nonlinear control methods , such as adaptive, fuzzy,optimal , or 

sliding mode controls can be used to control the nonlinear arm system and 

their performance might be compared with the proposed analytical controller. 
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3. Future researchers are encouraged to link the numerical results to practical 

simulations to verify the effectiveness of the mathematical model. 

4. Future studies should be directed toward using the model in medical 

rehabilitation for patients after stroke and linking it to real patient data. 
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 الخلاصة 

 

تلعب الأطراف الاصطناعية الذكية للذراع دورًا هامًا في تعزيز الحركة والاستقلالية للأشخاص ذوي  

الإعاقة. تسُتخدم هذه الأجهزة الميكانيكية لتوفير حركات وظيفية للذراع البشرية في تطبيقات متنوعة،  

الخارجي   الهيكل  ومنها  التكنولوجي،  والابتكار  والرياضة  التأهيل  إعادة  لذا، مثل  البشرية.  للذراع 

يصبح من الضروري تقييم الاستجابة الديناميكية للأطراف الاصطناعية البشرية. تركز هذه الدراسة  

 . على دراسة الاستجابة الديناميكية لذراع اصطناعية بشرية بخمس درجات حرية

أويلر، مما أسفر عن خمس معادلات تفاضلية  -تم نمذجة نظام الذراع البشري باستخدام طريقة لاغرانج

المثلى   النظام  والحصول على معلمات  المطلوبة  التحسين  ولتسهيل عملية  الثانية.  الرتبة  عادية من 

ن استجابات  محليًا، تم تبسيط النموذج غير الخطي حول نقطة تشغيل محددة. أجُري تحليل مقارن بي 

النظام الخطي وغير الخطي للتأكد من قدرة النموذج المبسط على تمثيل ديناميكيات النظام غير الخطي  

 الحقيقي والتعويض عنها بشكل كافٍ. 

تم تحديد معلمات الذراع، بما في ذلك الكتل ومعاملات التخميد وقيم الصلابة، باستخدام طريقة تحسين  

مضاعفات لاغرانج بهدف تحقيق زمن استقرار قصير وتجاوز ضئيل. علاوة على ذلك، استخُدمت 

الأفق والساعد والمرفق  لليد  المطلوبة  الإزاحة  لتوليد منحنيات  الحدود  ثمانية  أسية  والمرفق دوال  ي 

الرأسي وحركات المرفق الزاوية، مع مراعاة شروط الحدود الأولية والمتوسطة والنهائية، بالإضافة  

 إلى قيود عزم دوران المرفق. 

تم حساب عزم دوران الكوع المرجعي تحليليًا بناءً على مسارات الإزاحة المحددة مسبقًا. وللتحقق  

من صحة المنهجية المقترحة، أجُريت محاكاة عددية باستخدام تقنية محاكاة مونت كارلو ضمن نطاق  

−%6واسع من الشروط الابتدائية وتغيرات في معلمات النظام بنسبة  
عن القيم الاسمية. أظهرت    +

في  المستقرة  الحالة  استجابات  تحققت  حيث  الذراع،  أجزاء  لجميع  سريعًا  تقاربًا  المُحَصَّلة  النتائج 

ثانية دون أي تجاوز في كل من إزاحات النظام وعزم دوران الكوع. علاوة على ذلك،   0.25غضون  

(  10×34−ظلت أخطاء الحالة المستقرة صغيرة للغاية، حيث بلغ الحد الأقصى للخطأ الزاوي للكوع )

( متر في الاتجاه الرأسي، وخطأ عزم  10×1−5−درجة، والحد الأدنى لخطأ الإزاحة الرأسية للكوع )

 تجربة محاكاة.   1000( نيوتن متر عبر  0.4-)دوران الكوع منخفضًا جدًا يصل إلى 
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